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PREFACE 
Although t h e  e u t r o p h i c a t i o n - - t h a t  i s ,  t h e  e n r i c h -  
ment i n  n u t r i e n t s - - o f  n a t u r a l  w a t e r  b o d i e s  ( e s p e c i a l l y  
l a k e s  and r e s e r v o i r s )  i s  a  n a t u r a l  p r o c e s s ,  man-made 
i n t e r v e n t i o n s  have a c c e l e r a t e d  it. A s  a  r e s u l t ,  e u t r o -  
p h i c a t i o n  seems t o  be  a  world-wide env i ronmenta l  concern  
s i n c e  a l g a e  and t h e  o f t e n  a s s o c i a t e d  odor  and t a s t e  prob- 
l e m s  p r e v e n t ,  o r  a t  l e a s t  h i n d e r ,  t h e  p lanned u t i l i z a t i o n  
o f  w a t e r  r e s o u r c e s .  For  t h i s  r e a s o n  IIASA f o c u s e s  o n  
r e s e a r c h  which s u r v e y s  e x i s t i n g  n o d e l s  and e l a b o r a t e s  
new o n e s  w i t h  t h e  u l t i m a t e  g o a l s  o f  p r e d i c t i n g  and f i n d i n g  
e f f i c i e n t  ways t o  c o n t r o l  e u t r o p h i c a t i o n .  To c o n c r e t i z e  
t h i s  g o a l  a  Case Study o n  Lake Ba la ton  i n  Hungary was 
r e c e n t l y  i n i t i a t e d  w i t h i n  t h e  Resources and Environment 
Area o f  IIASA. Th i s  Research Memorandun r e p r e s e n t s  a  
f i r s t  s t e p  i n  mode l l ing  non-point  s o u r c e s  phosphorus 
l o a d i n g  i n t o  a  l a k e ,  which h a s  been found t o  b e  a  major  
component i n  t h e  e u t r o p h i c a t i o n  p r o c e s s  i n  a  g r e a t  number 
of  l a k e s .  Phosphorus d a t a  o f  Lake B a l a t o n  have been u s e d ,  
a l t h o u g h  t h i s  approach can  be  a p p l i e d  t o  o t h e r  w a t e r  
b o d i e s  and o t h e r  n u t r i e n t s  a l s o .  
Research  l e a d i n g  t o  t h i s  s t u d y  was f i n a l l z e d  d u r i n g  
a  working v i s i t  o f  t h e  a u t h o r s  t o  IIASA's Resources and 
Environment Area,  and i s  r e l e v a n t  f o r  b o t h  t h e  s u b t a s k  on 
t h e  La~:e B a l a t o n  Case S tudy ,  and f o r  t h e  t a s k  o n  Environ- 
menta l  Impact o f  A g r i c u l t u r e .  The r e s e a r c h  was a l s o  
suppor ted  by a  U.S. N a t i o n a l  S c i e n c e  Foundat ion  g r a n t  t o  
t h e  u n i v e r s i t y  o f  Arizona and by t h e  Hungarian N a t i o n a l  
Water A u t h o r i t y .  
IIASA would be  g r a t e f u l  f o r  any comments and/or  
recommendations on p o s s i b l e  improvements and developments  
of t h e  p r e s e n t  model. 
This  paper was o r i g i n a l l y  prepared under t h e  t i t l e  "Modelling 
f o r  Management" f o r  p r e s e n t a t i o n  a t  a  Nate r  Research Cent re  
(U.K. ) Conference on "River  P o l l u t i o n  Con t ro l " ,  Oxford, 
9 - 1 1  A s r i l ,  1979. 
ABSTRACT 
A s t o c h a s t i c  model i s  p r e s e n t e d  and a p p l i e d  f o r  
Lake B a l a t o n ,  Hungary t o  e s t i m a t e  t h e  phosphorus (P)  
l o a d i n g  from non-point  s o u r c e s .  R a i n f a l l  e v e n t s  c a u s e  
s u r f a c e  r u n o f f  e v e n t s  and e r o s i o n  e v e n t s ;  a l l  t h r e e  
e v e n t s  a r e  random. P  i s  c a r r i e d  by r u n o f f  i n t o  t h e  
l a k e  i n  two forms:  (1  ) d i s s o l v e d  P  and ( 2 )  sed iment ,  
absorbed o r  f i x e d  P. P  l o a d i n g  i s  t h u s  c o n s i d e r e d  a s  
a  random v a r i a b l e ,  whose p r o b a b i l i t y  d e n s i t y  f u n c t i o n  
( p d f )  p e r  e v e n t  i s  t o  be e s t i m a t e d .  Pdf of  s e a s o n a l  
( e .g .  a n n u a l )  l o a d i n g  i s  determined a s  t h e  sum of a  
random number of random e v e n t s .  
The annua i  mass b a l a n c e  of  P  s t o r e d  i n  l a k e  s e d i -  
ment l e a d s  t o  a  f i r s t  o r d e r  d i f f e r e n c e  e a u a t i o n ,  t h e  
s o l u t i o n  o f  which can be used t o  p r e d i c t  t h e  e x p e c t e d  
P  a v a i l a b l e  f o r  r e l e a s e  a t  f u t u r e  t i m e s .  The model 
i s  a p p l i e d  f o r  t h e  Tetves  subwatershed ( 7 0  km2) o f  
Lake Ba la ton .  P r e l i m i n a r y  r e s u l t s  show t h a t  d u r i n g  
r e l a t i v e l y  s h o r t  runof f  e v e n t s  abou t  a s  nuch P  reaches  
t h e  l a k e  a s  d u r i n g  t h e  rest  o f  t h e  y e a r  and t h a t  more 
sediment  P  i s  produced than  d i s s o l v e d  P. S i n c e  a  
c o n s i d e r a b l e  v a r i a n c e  aTpears  i n  t h e  annua l  amounts 
o f  P  l o a d i n g ,  t h e  use  o f  s t o c h a s t i c  models t o  e s t i m a t e  
- 
t h e  l o a d i n g  c o n d i t i o n s  seems t o  be  most a p p r o p r i a t e .  
The s t o c h a s t i c  l o a d i n g  model shou ld  be i n c o r p o r a t e d  
i n t o  a  b r o a d e r  c o n t r o l  model. Elements o f  such a  
c o n t r o l  model a r e  g i v e n  i n  the form of  p o s s i b l e  p 
l o a z i n g  ~eC!l~ct ion measures ;  a l s o ,  econoxic  t r a d e - o f f  
between t h e s e  measures i s  d i s c u s s e d .  

1. INTRODUCTION 
The purpose  o f  t h i s  paper  i s  t o  e s t i m a t e  t h e  phosphorus (P)  
l o a d  from a g r i c u l t u r a l  s o u r c e s  i n t o  a  l a k e  under v a r i o u s  uncer- 
t a i n t i e s ,  u s i n g  Lake Ba la ton  i n  Hungary a s  a  c a s e  s t u d y .  T h i s  
e s t i m a t e  o f  P  is  needed t o  f o r e c a s t  and c o n t r o l  t h e  s t a t e  of 
e u t r o p h i c a t i o n  o f  l a k e s ,  a s  P most o f t e n  a p p e a r s  t o  be  t h e  l i m i t -  
i n g  f a c t o r  t o  phy top lank ton  growth ( o r  pr imary  p r o d u c t i v i t y )  
[Wetzel ,  19751. The terms "P l o a d i n g "  and " s t a t e  o f  e u t r o h p i c a -  
t i o n "  a r e  t h u s  c o n s i d e r e d  a s  germane c o n c e p t s  i n  t h e  p r e s e n t  
s t u d y  . 
The s t u d y  o f  e u t r o p h i c a t i o n  h a s  evo lved  o v e r  t h e  p a s t  
s e v e n t y  y e a r s  from i n t u i t i v e  d e s c r i p t i o n  [Naumann, 19191 t o  
s o p h i s t i c a t e d  and comprehensive computer s i m u l a t i o n  models 
[Imboden and Gach te r ,  19751 . Rodhe (1969) r ev iews  h i s t o r i c a l  
developments  i n  Nor thern  Europe, whi le  Edmonson (1969) p r e s e n t s  
examples of  e u t r o p h i c a t i o n  i n  North America. A s  p o i n t e d  o u t  
by Ser ruya  and S e r r u y a  (1975) and Reckhow ( 1  977) , numerous 
mathernat lcal  models of  phytoplankton have been p u b l i s h e d  i n  
t h e  p a s t  few y e a r s ;  a l s o ,  a  growing number of models have been 
developed f o r  t h e  purpose  of p r e d i c t i n g  t h e  e u t r o p h i c a t i o n  p r o c e s s .  
The p r e s e n t  approach d i f f e r s  from t h e  c u r r e n t  modeling t r e n d  
i n  one main a s p e c t :  t h e  s t o c h a s t i c  n a t u r e  o f  n u t r i e n t  i n p u t  i s  
recoqn ized  and modeled. On t h e  o t h e r  hand, o n l y  t h e  l i m i t i n g  
n u t r i e n t  P o f  non-point  o r i g i n  i s  c o n s i d e r e d ,  a s  a  random v a r i a b l e  
P whose p r o b a b i l i s t i c  d e s c r i p t i o n  i s  sough t  f o r  t h r e e  t i m e  s c a l e s :  
"u 
1. p r o b a b i l i t y  d e n s i t y  f u n c t i o n  ( p d f )  p e r  e v e n t ;  
2 .  annua l  accumula t ion;  
3 .  long-term accumula t ion .  
Fur thermore ,  accoun t inq  f o r  P i n p u t  i s  done s e p a r a t e l y  f o r  
two main forms o f  t r a n s p o r t  o f  P  from t h e  wa te r shed  i n t o  t h e  
l a k e :  d i s s o l v e d ,  and f i x e d  o r  adsorbed 5 .  F i n a l l y  and. most 
i m p o r t a n t l y ,  t h e  p a u c i t y  o f  d a t a  f o r  model c a l i b r a t i o n  i s  recog- 
n i z e d ,  s o  t h a t  s imple  sub-models based  on phenomenological assump- 
t i o n s  a r e  used.  I t  i s  hoped t h a t  such an  approach w i l l  l e a d  t o  
sys tem and c o n t r o l  models which a r e  e a s i l y  t r a n s f e r a b l e  t o  l a k e s  
o t h e r  t h a n  t h e  one used f o r  a  c a s e  s t udy .  Note t h a t  t h e  develop- 
ment o f  a  c o n t r o l  model i s  on ly  t o  be done l a t e r ,  i n  an  i n v e s t i g a -  
t i o n  u s i n g  (presumably)  t h e  p r e s e n t l y  developed sys tem model. 
I n  view o f  t h e  impor tance  o f  t h e  problem, a  b r i e f  s c i e n t i f i c  
background o f  t h e  e u t r o p h i c a t i o n  problem, t h e  P l o ad ing  problem 
and t h e  P c y c l e  i n  t h e  l a k e  i s  g iven  i n  t h e  n e x t  s e c t i o n .  Then, 
t h e  s t o c h a s t i c  model i s  d e s c r i b e d ,  fo l lowed by a n  a p p l i c a t i o n  t o  
a subwatershed o f  Lake Bala ton.  
2 .  SCIENTIFIC BACKGXOUND 
2 . 1  Lak.e E u t r o p h i c a t i o n  
The t e r m  " e u t r o p h i c a t i o n "  means enr ichment  i n  n u t r i e n t s ;  a  
l a k e  poor i n  n g t r i e n t s  i s  s a i d  t o  , o l i g o t r o p h i c .  The t r o p h i c  
s t a t e  o f  a l a k e  i s  u s u a l l y  measured by pr imary p r o d u c t i v i t y  o f  
phy top lank ton ,  whose growth r e s u l t s  from t h e  fo l l owing  f a c t o r s  
[Bucksteeg and H o l l f e l d e r ,  19751: 
a  H 2 0  + b  C02  + n u t r i e n t s  + t r a c e  e lements  + l i g h t  
+ ce l l  m a t e r i a l  + O2 . 
O f  concern  i n  most s t u d i e s  i s  t h e  n u t r i e n t  component o f  t h i s  
e q u a t i o n ;  more p r e c i s e l y ,  t h e  l i m i t i n g  f a c t o r  t o  a l g a e  growth 
i s  recogn ized  t o  be  P [Wetzel ,  19751. Consequently,  t h e  s t u d y  o f  
P l e a c h i n g  i n t o  l a k e s  and P c y c l e  i n s i d e  l a k e s  h a s  r e c e i v e d  
c o n s i d e r a b l e  a t t e n t i o n  [Timmons e t  a l . ,  1970, 1973; Sye r s  e t  a l . ,  
19731. 
According t o  Wetzel ( 1975 ) ,  it i s  on ly  i n  v e r y  e x c e p t i o n a l  
c a s e s  t h a t  pr imary p r o d u c t i v i t y  may have been i n h i b i t e d  by carbon 
o r  t r a c e  e lements .  Such c a s e s ,  d e s c r i b e d ,  f o r  example, i n  
Hutchinson ( 1 9 7 3 ) ,  a r e  o f  no concern  t o  t h e  p r e s e n t  e f f o r t ,  s i n c e  
t h e  purpose  h e r e  i s  t o  deve lop  an approximate model v a l i d  i n  
most c a s e s ,  r a t h e r  t h a n  a  u n i v e r s a l  a l l -encompass ing l a k e  e u t r o -  
p h i c a t i o n  model. 
The u s e f u l n e s s  o f  l a k e  modeling is  recogn ized  by many 
l e a d i n g  l i m n o l o g i s t s  [Vol lenweider ,  19721; though it i s  d i f f i c u l t  
i f  n o t  imposs ib le  t o  model a t  once a l l  s p e c i e s  o f  phy top lank ton ,  
zooplankton a s  w e l l  a s  c y c l e s  o f  o r g a n i c  and i n o r g a n i c  e l ements  
i n  a  g iven  l a k e .  Such a  model cou ld  pe rhaps  be  developed,  u s i n g  
f o r  example g e n e r a l  sys tems  t h e o r y  [Wymoxe, 1967, 19761 i n  a  
manner a k i n  t o  t h e  g e n e r a l  wa te r shed  model of  Rogers ( 1 9 7 1 ) ,  
b u t  then  t h e  c a l i b r a t i o n  problem would be insurmountable  w i t h i n  
t h e  t i m e  h o r i z o n  t h a t  d e c i s i o n s  must be  made. Thus, r e g a r d l e s s  
how approx imat ive  t h e  p r e s e n t  P l o a d i n g  model may b e ,  it hope- 
f u l l y  w i l l  make p o s s i b l e  t o  t a k e  a c t i o n s ,  r a p i d l y  i f  n e c e s s a r y ,  
t o  s t o p  o r  r e v e r s e  t h e  e u t r o p h i c a t i o n  p r o c e s s ,  a l t h o u g h  t h e  
p r o c e s s  may n o t  y e t  b e  f u l l y  unders tood and accoun t  f o r  v a r i o u s  
u n c e r t a i n t i e s .  
2.2 Case o f  Lake Ba la ton  
For Lake B a l a t o n ,  t h e  o f t e n  quoted  approach o f  Vollenweider  
(1963) i s  used t o  demons t ra te  t h e  urgency o f  t h e  P i n p u t  problem. 
A s  shown i n  F i g u r e  1, t h e  t r o p h i c  s t a t e  o f  a  l a k e  may be r e p r e -  
s e n t e d  a s  a  f u n c t i o n  o f  phosphorus l o a d i n g  and v o l u m e t r i c  exchange 
of w a t e r  i n t o  t h e  l a k e .  More p r e c i s e l y ,  t h e  a b s c i s s a  i s  t h e  
l o g a r i t h m  of  t h e  exchange c o e f f i c i e n t ;  i . e . ,  t h e  r a t i o  o f  
ave rage  dep th  t o  r e s i d e n c e  t i m e ,  and t h e  o r d i n a t e  r e p r e s e n t s  
2 t h e  l o g a r i t h m  o f  t h e  l o a d i n g  i n  g/m y e a r .  I n  t h i s  s p a c e ,  t h e  
lower l i n e  r e p r e s e n t s  t h e  p e r m i s s i b l e  P l o a d i n g  l e v e l  below which 
t h e  l a k e  i s  o l i g o t r o p h i c ,  w h i l e  t h e  upper  l i n e  cor responds  t o  
t h e  danger  l e v e l ,  above which t h e  s t a t e  i s  e u t r o p h i c .  The 
q u e s t i o n  a r i s e s  a s  t o  which i s  t h e  p r e s e n t  t r o p h i c  s t a t e  o f  
Lake Ba la ton ,  whose h y d r o l o g i c  and p h y s i c a l  d e s c r i p t i o n  may be  
found i n  S z e s z t a y  (1967) and Metler, e t  a l .  (1975) .  
According t o  d a t a  g a t h e r e d  by t h e  Hungarian Water Research 
I n s t i t u t e  ( V I T U K I ,  1975) t h e  average  P l o a d i n g  of  Lake Ba la ton  
2  i s  0 .3  g/m y e a r ;  and t h e  average  d e p t h  i s  3.25 m, t h e  average  
r e s i d e n c e  t i m e  i s  2.15 y e a r s ,  which y i e l d s  an exchange c o e f f i -  
c i e n t  o f  3.25/2.15 = 1 . 5 .  I t  t h u s  appears  t h a t ,  on t h e  average ,  
Lake Ba la ton  is  on t h e  danger  l i n e  a t  p o i n t  M ( F i g u r e  1). I f  
such i s  t h e  c a s e ,  t h e  t r o p h i c  s t a t e  o f  t h e  l a k e  may be  brought  
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Figure 1: Trophic state of a lake as a function of 
exchange coefficient and loading (after 
Vollenweider, 1968) 
back toward  t h e  p e r m i s s i b l e  r e g i o n  i n  a t  l e a s t  t h r e e  ways: 
1. i n c r e a s e  t h e  a v e r a g e  d e p t h ;  
2 .  d e c r e a s e  t h e  r e s i d e n c e  t i m e ;  
3. d e c r e a s e  t h e  P l o a d i n g .  
For  Lake B a l a t o n ,  i t  would be  c o n c e i v a b l e  t o  a p p l y  t h e  s econd  
method b e c a u s e  t h e  S i o  R i v e r ,  which i s  t h e  release c h a n n e l  o f  t h e  
l a k e ,  h a s  r e c e n t l y  been  e n l a r g e d  f o r  r e a s o n s  o t h e r  t h a n  e u t r o -  
p h i c a t i o n  c o n t r o l .  However, t h e  t h i r d  method i s  t h e  mos t  e f f e c -  
t i v e  one .  
X e t u r n i n g  t o  F i g u r e  1, many u n c e r t a i n t i e s  a r e  p r e s e n t  i n  t h e  
d e t e r m i n a t i o n  o f  t h e  l o c a t i o n  o f  p o i n t  PI; t h e n ,  b e c a u s e  o f  t h e  
s p a t i a l  v a r i a b i l i t y  o f  c o n d i t i o n s  i n  t h e  l a k e ,  t h e  a c t u a l  o r  
t r u e  t r o p h i c  s ta te  may b e  a t  a p o i n t  Mk. The v e c t o r  MM' i s  a 
-T 
random v e c t o r  d e f i n e d  f o r  example by magni tude  and  a rgument  
I[ 
, I n  t h e  p r e s e n t  s t u d y ,  w e  f i x  0 = - 2 ' s o  t h a t  t h e  pdf  o f  
t h e  random v a r i a b l e  bUIT, where MT i s  on t h e  v e r t i c a l  o f  M may 
b e  s o u g h t .  The o r d i n a t e  o f  IvlTis t h e  t r u e  v a l u e  o f  P - load ing .  
Note t h a t  a Bayes i an  v i e w p o i n t  i s  b e i n g  u s e d  [Dav i s ,  e t  a l . ,  
19721,  s i n c e  t h e  t r u e  v a l u e  of  P - load ing  i s  n o t  assumed t o  b e  
known: w e  or.ly have  a sample  i n  hand ,  a n d  s t u d y  how t h e  t r u e  
v a l u e  (random as f a r  as  w e  a r e  conce rned )  v a r i e s  a r o u n d  o u r  sample .  
A t  any  rate ,  t h e  t r o p h i c  s t a t e  of Lake B a l a t o n  seems t o  
b ~ ~ r r a n t  P l o a d i n g  c o n t r o l  v e r y  soon.  T h i s  c o n t r o l  i s  t o  b e  
e f f e c t e d  d y n a m i c a l l y ,  u s i n g  a  model t h a t  e n a b l e s  t h e  d e c i s i o n -  
maker t o  a c c o u n t  f o r  p r e s e n t  u n c e r t a i n t i e s ,  t o  improve t h e  
c o n t r o l  pe r fo rmance  as more e x p e r i e n c e  is  g a i n e d  a n d  d a t a  are 
g a t h e r e d ,  and  t o  f o r e c a s t  l ong - range  e f f e c t s .  I t  i s  d i f f i c u l t  
t o  see how e x i s t i n g  models  may pe r fo rm s u c h  t a s k s .  
2 .3  S o u r c e s  o f  phosphorus  
Where d o e s  t h e  phosphorus  o r i g i n a t e  i n  Lake B a l a t o n  ( a n d  
i n  many o t h e r  l a k e s  a round  t h e  w o r l d ) ?  Here a d i s t i n c t i o n  may 
b e  made be tween  ( a )  p o i n t  and  ( b )  non-po in t  s o u r c e s .  
( a )  P o i n t  s o u r c e s  a r e  e s s e n t i a l l y  domes t i c  o r  i n d u s t r i a l  
was te  d i s c h a r g e  o u t l e t s ,  which may be on t h e  ca tchment ,  whereby 
t h e  was te  i s  t r a n s p o r t e d  i n t o  t h e  l a k e  by r i v e r s ,  o r  on t h e  
l a k e s h o r e ;  i n  e i t h e r  c a s e ,  l o c a l  c o n c e n t r a t i o n  o f  n u t r i e n t s  
must be  t a k e n  i n t o  accoun t  t o  p r e d i c t  t h e  t r o p h i c  s t a t e  of  
t h a t  p o r t i o n  o f  t h e  l a k e  [Edmonson, 19691. To t h i s  c a t e g o r y  
belong t h e  o u t p u t  o f  sewage t r e a t m e n t  p l a n t s  and f e e d l o t s  
[ H o l t  e t  a l . ,  19701. 
( b )  Phosphorus from non-point  s o u r c e s ,  may b e  s o l u b l e  
o r g a n i c  ( g r a z i n g  animal  w a s t e s ,  l e a c h i n g  o f  v e g e t a t i o n ) ,  
s o l u b l e  i n o r g a n i c  ( o r t h o p h o s p h a t e ,  h y d r o l y z a b l e  p o l y p h o s p h a t e s ) ,  
suspended i n s o l u b l e  i n o r g a n i c  compounds, and s o r b e d  o r  f i x e d  
phosphorus.  
Because p o i n t  s o u r c e s  a r e  e a s i e r  t o  moni tor  and c o n t r o l  
than  non-point  o n e s ,  t h e  p r e s e n t  s t u d y  i s  concerned w i t h  t h e  
l a t t e r  t y p e  o f  s o u r c e  o n l y .  Fur thermore ,  a c c o r d i n g  t o  numerous 
s t u d i e s  b o t h  i n  Hungary [ F e l f o l d y  and T6 th ,  1970; VITUKI, 19751 
and e l sewhere  [Sager  and Wiersma, 1975; Nakan i sh i ,  1975; Br ink ,  
1975; B a r t a ,  19701, much o f  t h e  non-point  s o u r c e  P  o r i g i n a t e s  
from commercial o r  n a t u r a l  f e r t i l i z e r s .  Note t h a t  t h e  u t i l i z a -  
t i o n  o f  manure a s  a  f e r t i l i z e r  may be an  i m p o r t a n t  s o u r c e  o f  P. 
The f i g u r e s  below, which i n c l u d e  a l l  an imal  s o u r c e s  such a s  
f e e d l o t s ,  have been c a l c u l a t e d  by H o l t ,  e t  a l . ,  (1970) f o r  t h e  
U.S.A. 
Source  
Human ( a )  
Animal ( b  
F e r t i l i z e r  ( b )  
T o t a l  P  ( l o 9  l b / y e a r )  
( a )  based  on 4.5 l b  p e r  pe r son  f o r  185 m i l l i o n  
( b )  based  on 1968 U.S. a g r i c u l t u r a l  s t a t i s t i c s  
A s i m i l a r  breakdown o f  P  s o u r c e  f o r  s e l e c t e d  l a k e s  i n  
B a v a r i a  h a s  been g i v e n  i n  Bucksteeg and H o l l f e l d e r  ( 1 9 7 5 ) ,  and 
t h e  c a s e  o f  Japan is  b e i n g  i n v e s t i g a t e d  by Nakanishi  ( 1 9 7 6 ) :  
t h e  same p r o p o r t i o n s  a r e  found a s  i n  t h e  U.S.A. 
I t  i s  t h u s  r e a l i z e d  t h a t  by f o c u s i n g  t h e  s t u d y  Qn t h e  con- 
t r i b u t i o n  o f  n o n - p o i n t  s o u r c e s ,  o n l y  p a r t  o f  t h e  problem nay  be  
modeled. For  t h e  c a s e  o f  Lake B a l a t o n ,  f e r t i l i z e r s  a p p e a r  t o  
be  t h e  most i m p o r t a n t  c o n t r o l l a b l e  non-po in t  s o u r c e  [ B a r t a ,  19701; 
t h e  c o r r e s p o n d i n g  l o a d i n g  mechanism i s  t h u s  examined i n  d e t a i l  
i n  t h e  n e x t  s e c t i o n .  
2.4 P l o a d i n g  from a g r i c u l t u r a l  s o u r c e s  
Over t h e  r e c e n t  y e a r s ,  P stemming from a g r i c u l t u r a l  l a n d s  
h a s  been  i n c r e a s i n g  f o r  two main r e a s o n s :  
1. i n c r e a s e  o f  f e r t i l i z e r  u sage ,  and  
2. i n c r e a s e  o f  t h e  phosphorus  t o  o t h e r  e l e m e n t s  r a t i o ,  
e s p e c i a l l y  n i t r o g e n e o u s  compounds. 
T h i s  phenomenon i s  t r u e  worldwide.  
I n  o r d e r  t o  s t u d y  t h i s  P l o a d i n g ,  a  d i s t i n c t i o n  w i l l  be  
made between ( a )  t r a n s p o r t  mechanism f rom t h e  w a t e r s h e d  t o  
t h e  l a k e ,  and ( b )  P  cycle i n  t h e  l a k e .  
( a )  T r a n s p o r t  Mechanism 
F r e r e  (1973)  h a s  g i v e n  an  ove rv iew o f  t h e  t r a n s p o r t  mechan- 
i s m s  o f  c h e m i c a l s  o f  a g r i c u l t u r a l  o r i g i n  i n  w a t e r s h e d s .  By 
d e f i n i t i o n  t h e  f low o f  a  chemica l  i s  t h e  p r o d u c t  ( c o n c e n t r a t i o n )  
x ( d i s c h a r g e ) ,  o r  e q u i v a l e n t l y  t h e  w e i g h t  o f  c h e m i c a l  r e a c h i n g  
t h e  l a k e  p e r  e v e n t  is:  ( c o n c e n t r a t i o n )  x ( w a t e r  volume p e r  e v e n t ) .  
Accord ing  t o  numerous s t u d i e s  [ H o l t  e t  a l . ,  1970;  Edwards 
and H a r r o l d ,  1970; S i e v e r s ,  e t  a l . ,  1970;  B e n o i t ,  19731,  P i s  
main ly  t r a n s p c r t e d  unde r  t h e  form o f  s o r b e d  compounds a t t a c h e d  
t o  s e d i m e n t s  e r o d e d  from t h e  w a t e r s h e d ;  a  s u b s t a n t i a l l y  s m a l l e r  
p o r t i o n  of t h e  P r e a c h e s  t h e  l a k e  unde r  a  d i s s o l v e d  form, 
ma in ly  PO4 ( o r t h o p h o s p h a t e ) .  L e t  C1,C2 b e  t h e  a v e r a g e  c o n c e n t r a -  
t i o n  o f  d i s s o l v e d  and a b s o r b e d  phosphorus ,  r e s p e c t i v e l y ,  i n  a  
r u n o f f  e v e n t .  A s  s t a t e d  i n  F r e r e  ( 1 9 7 3 ) ,  on t h e  b a s i s  o f  o b s e r -  
v a t i o n s  by many a u t h o r s  which he  c i t e s ,  C1 and C 2  a r e  n o t  
r e a l l y  c o n s t a n t - - b o t h  s o l u t i o n  and a d s o r p t i o n  phenomena a r e  
complex. However, p h y s i c a l  models a r e  a v a i l a b l e  t o  e s t i m a t e  
C1 and C t h e  a l t e r n a t i v e  i s  t o  measure P  c o n c e n t r a t i o n s  i n  2 ; 
t h e  f i e l d ,  f o l l o w i n g  one o f  t h e  p rocedures  reviewed i n  Burwell ,  
e t  a l . ,  ( 1 9 7 5 ) .  I t  t u r n s  o u t  i n  p a r t i c u l a r  t h a t  P  c o n c e n t r a t i o n  
measurements i n  t h r e e  p o i n t s  around t h e  peak r u n o f f  a r e  s u f f i c i e n t  
t o  e s t i m a t e  t h e  t o t a l  volume o f  t r a n s p o r t e d  P  w i t h  good r e l i a b i l -  
i t y  . 
C l e a r l y ,  t h e  d i s s o l v e d  P  car; be  used by phy top lank ton  immed- 
i a t e l y  upon r e a c h i n g  t h e  l a k e ;  whereas P  so rbed ,  hence s t o r e d  by 
sed iments ,  must f i r s t  be r e l e a s e d .  Th i s  i s  t h e  r a t i o n a l e  f o r  
a  s e p a r a t e  a c c o u n t i n g  o f  t h e  l o a d i n g  and accumula t ion  o f  P by 
t h e s e  two d i f f e r e n t  mechanisms. Note,  however, t h a t  bo th  
mechanisms have t h e  same common e lement :  p r e c i p i t a t i o n ,  which 
makes P l o a d i n g  a  random p r o c e s s ,  a s  e x e m p l i f i e d  i n  t h e  e m p i r i c a l  
time series of  P  i n p u t  i n  T a y l o r ,  e t  a l . ,  (1971) , and t h e  pdf o f  
phosphate  c o n c e n t r a t i o n  i n  v a r i o u s  U.S. w a t e r  b o d i e s  g i v e n  i n  
Edmonson ( 1 9 6 9 ) .  I n  o t h e r  words, a s  s u g g e s t e d  by F r e r e  ( 1 9 7 3 ) ,  
one may c o n s i d e r  t h a t  P  l o a d i n g  i s  t h e  r e s u l t  o f  b o t h  runof f  
and sediment  y i e l d .  Runoff t r a n s p o r t s  d i s s o l v e d  P, and c a u s e s  
e r o s i o n ;  adsorbed  P i s  i n  t u r n  t r a n s p o r t e d  w i t h  t h e  sed iments ,  
a s  obse rved ,  f o r  example, by Rogowsky and Tamura (1970) who 
t r a c e d  s o r b e d  chemica l s  down t h e  wa te r shed  u s i n g  r a d i o a c t i v e  
cesium. Oddson e t  a l . ,  (1970) found t h a t  t h e  P t . r a n s p o r t  
p r o c e s s  r e a c h e s  a  r a p i d  s t e a d y - s t a t e  d u r i n g  a  r a i n f a l l - r u n o f f  
e v e n t .  Thus, a  s t o c h a s t i c  event-ba.sed approach t o  model P  
l o a d i n g  i s  used i n  t h e  p r e s e n t  s t u d y ;  a  review o f  t h i s  t y p e  o f  
approach w i t h  numerous wa te r shed  management a p p l i c a t i o n s  can be  
found i n  Foge l ,  e t  a l . ,  ( 1 9 7 6 ) .  
I t  s h o u l d  be k e p t  i n  mind t h a t  t h e  purpose  of modeling P  
l o a d i n g  i s  t o  examine t h e  e f f e c t i v e n e s s  o f  v a r i o u s  c o n t r o l  
methods. These methods, t o  be  reviewed i n  g r e a t e r  d e t a i l  l a t e r  
i n  t h i s  p a p e r ,  c o n s i s t  i n  changing t h e  t y p e ,  q u a n t i t y  o r  method 
o f  a p p l i c a t i o n  o f  t h e  f e r t i l i z e r  and i n  e r o s i o n  c o n t r o l  measures.  
Each c o n t r o l  method may a c t  on e i t h e r  mechanism o r  on b o t h  of 
them. 
S i n c e  t h e  P s o u r c e s  a r e  d i s t r i b u t e d  o v e r  t h e  ca tchment ,  t h e  
h y d r o l o g i c  e v e n t  d e f i n i t i o n  s h o u l d  be o f  a  space-t ime n a t u r e ,  
a s  i n  t h e  p r e c i p i t a t i o n  model p u t  f o r t h  i n  Gupta ( 1 9 7 3 ) .  However, 
s p a t i a l  models  o f  r a i n f a l l  a r e  n o t  y e t  d e v e l o p e d  w e l l  el:odgh tc 
b e  u s e d  a s  i n p u t s  i n t o  o t h e r  h y d r o l o g i c  mode l s .  A l s o ,  it j s  n o t  
n e c e s s a r y  o r  u s e f u l  t o  p r o v i d e  g r e a t e r  r e s o l u t i o n  i n  t h e  i n p u t  
t h a n  i n  o t h e r  p a r t s  o f  t h e  model:  r a i n f a l l - r u n o f f  r e l a t i o n s h i p ,  
s e d i m e n t  y i e l d ,  a d s o r p t i o n  phenomenon, and  n u t r i e n t  c y c l e  i n  t h e  
l a k e .  Thus,  t h e  c a t c h m e n t  i s  d i v i d e d  i n t o  s u b c a t c h m e n t s ,  e a c h  
of which i s  s u b j e c t  t o  a  s t o c h a s t i c  s equence  o f  p o i n t  p r e c i p i t a -  
t i o n  e v e n t s ,  assumed t o  o c c u r  a t  a  r e p r e s e n t a t i v e  l o c a t i o n  i n  
t h e  w a t e r s h e d .  The P l o a d i n g  p e r t a i n i n g  t o  e a c h  subca tchmen t  i s  
accumula t ed  o v e r  t ine  ( b o t h  a n n u a l l y  and o v e r  a l o n g  t i m e  h o r i z o n ) ;  
t h e n ,  t h e  t o t a l  c o n t r i b u t i o n  o f  t h e  subca t chmen t s  i s  e s t i m a t e d .  
I n  t h e  p r e s e n t  i n v e s t i g a t i o n ,  P l o a d i n g  i s  modeled f o r  orlllr 
o n e  t y p i c a l  subca t chmen t .  The dependence  be tween  h y d r o l o g i c  
e v e n t s  i n  t h e  v a r i o u s  subca t chmen t s  s h o u l d  b e  s t u d i e d  b e f o r e  t h e  
comple t e  model can  b e  d e v e l o p e d .  
The n e x t  s t e p  c o n s i s t s  i n  examin ing  what happens  t o  t h e  
v a r i o u s  P compounds t h a t  r e a c h  t h e  l a k e ,  e i t h e r  i n  d i s s o l v e d  o r  
i n  s o r b e d  form.  Note  t h a t  r o u t i n g  models  o f  P I  a s  men t ioned  
i n  Thomann ( 1 9 7 2 ) ,  a r e  o u t s i d e  o f  t h e  s c o p e  o f  t h e  p r e s e n t  s t u d y .  
( b )  P c y c l e  i n  l a k e s  
Only a  b r i e f  o v e r v i e w  o f  t h i s  c o n p l e x  phenomenon i s  g i v e n  
h e r e :  t h e  r e a d e r  i s  r e f e r r e d  t o  s t a n d a r d  t e x t s  such  a s  VJetzel 
(1975)  f o r  a  comprehens ive  d e s c r i p t i o n .  
E s s e n t i a l l y ,  d i s s o l v e d  P i s  a s s i m i l a t e d  v e r y  q u i c k l y  by 
a l g a e  t o  t h e  p o i n t  where t h e  c o n c e n t r a t i o n  o f  P i n  t h e  l a k e  and  
t h e  b iomass  o f  b l u e g r e e n  a l g a e  c a n  b e  n e g a t i v e l y  c o r r e l a t e d  
[Hu tch inson ,  19731. The re  a r e  c a s e s  when d i s s o l v e d  P may b e  
a d s o r b e d  by l a k e  bo t tom s e d i m e n t s ,  a l t h o u g h  i n  e u t r o p h i c  l a k e s ,  
t h e  r e l e a s e  o f  P f rom s e d i m e n t s  i s  more f r e q u e n t  t h a n  i s  adso rp -  
t i o n  [ H o l t ,  e t  a l l  19701.  Such a  phei~omenon h a s  a l s o  been  ob- 
s e r v e d  i n  Lake B a l a t o n  [ T o t h ,  e t  a l . ,  19751. 
The re  a r e  numerous s t u d i e s  o f  n u t r i e n t  c h e m i s t r y  i n  l a k e  
s e d i m e n t s ;  P c h e m i s t r y  h a s  been  summarized i n  S y e r s ,  e t  a l . ,  t1973) . 
In  b r i e f ,  only the upper few millimeters of sediment layer play a  major 
r o l e  i n  t h e  P exchange  p r o c e s s .  If  t h e  w a t e r  c o n t a i n s  much oxy- 
g e n ,  no  P i s  r e l e a s e d ;  i f  t h e  oxygen becomes d e p l e t e d ,  i r o n  and 
P a r e  r e l e a s e d  through a  mechanism d e s c r i b e d  from l a b o r a t o r y  
exper iments  i n  F i l l o s  and Swanson (1375) and i n  FIwang, e t  a l . ,  
(1975) .  I n  t h e  former  p a p e r ,  t h e  a u t h o r s  w r i t e ,  " . . . d u r i n g  aero-  
b i c  c o n d i t i o n s  i n  t h e  o v e r l y i n g  w a t e r ,  phospha tes  emanate from 
t h e  d e e p e r  a n a e r o b i c  l a y e r s  o f  t h e  b e n t h a l  d e p o s i t s  toward t h e  
s u r f a c e .  When t h e y  r e a c h  t h e  s u r f a c e ,  t h e  phospha tes  a r e  r e t a i n e d  
i n  t h e  a e r o b i c  l a y e r  i n  which t h e y  a r e  adsorbed  predominant ly  by 
f e r r i c  complexes."  
Then, under  a n a e r o b i c  c o n d i t i o n s ,  t h e  f e r r i c  complexes b reak  
down and t h e  phospha tes  a r e  r e l e a s e d .  The l a k e  bottom sed iments  
t h u s  a c t  a s  a  P r e s e r v o i r ,  and i n t r o d u c e  a  p o s i t i v e  feedback 
e f f e c t  i n t o  t h e  e u t r o p h i c a t i o n  p r o c e s s :  i f  pr imary  p r o d u c t i v i t y  
i n c r e a s e s ,  because  o f  P l o a d i n g  i n  p a r t i c u l . a r ,  t h e  d i s s o l v e d  
oxygen l e v e l  (DO)  d e c r e a s e s ,  which c a u s e s  t h e  r e l e a s e  of  so rbed  
P and provokes a  f u r t h e r  i n c r e a s e  i n  p r imary  p r o d u c t i v i t y .  
Th i s  b r i e f  background on P c y c l e  i n  t h e  l a k e  h a s  been g i v e n  
t o  demons t ra te  t h e  n e c e s s i t y  o f  a c c o u n t i n g  f o r  b o t h  d i s s o l v e d  
and so rbed  P i n  t h e  l o a d i n g  from a g r i c u l t u r a l  sources- -but  keeping 
a  s e p a r a t e  a c c o u n t  of  t h e  two forms of  P. 
I n  t h e  n ~ x t  s e c t i o n ,  t h e  s t o c h a s t i c  modeling ph i losophy  i s  
developed,  and t h e  model i t s e l f  i s  p r e s e n t e d .  
3 .  MODEL 
3 .1  r4odel Choice 
I n  view of  t h e  complex i ty  o f  t h e  t r a n s p o r t  and e u t r o p h i c a -  
t i o n  p r o c e s s e s ,  and c y c l e  o f  v a r i o u s  n u t r i e n t s  o r  t r a c e  e l e m e n t s  
i n  t h e  w a t e r  b o d i e s  ( E v e r e t t ,  1 9 7 2 ) ,  t h e  model c h o i c e  problem 
i s  c o n s i d e r a b l y  b r o a d e r  t h a n  i n  p u r e l y  h y d r o l o g i c  problems,  such 
a s  i n v e r s e  problem a l g o r i t h m s  i n  groundwater  (Sagar ,  e t  a l . ,  1975) , 
wate r shed  models ( L o v e l l ,  1975) o r  b i v a r i a t e  node l  of  f l o o d s  a t  
t h e  c o n f l u e n c e  o f  two r i v e r s  (Bogardi ,  e t  a l . ,  1 9 7 6 ) .  For  p u r e l y  
s c i e n t i f i c  p u r p o s e s ,  choos ing  no model a t  a l l  ( n u l l  c h o i c e )  b u t  
i n s t e a d  o b s e r v i n g  t h e  b e h a v i o r  o f  one s p e c i e s  o f  p l a n k t o n  o r  one 
p r e d a t o r - p r e y  r e l a t i o n s h i p  and d e s c r i b i n g  t h e  r e s u l t s  s c i e n t i f i -  
c a l l y  i s  a  v e r y  wor thwhi le  p u r s u i t .  However, i f  a  d e c i s i o n  is  t o  
be  made on t h e  b a s i s  o f  t h e  o b s e r v a t i o n ,  t h e n  a  sys tem model i s  
i n  o r d e r ,  as f o r  example i n  Vicens  e t  a l . ,  ( 1 9 7 5 ) .  Not a l l  
d e s c r i 2 t i v e  models are u s a b l e  f o r  dec is ion-making:  o n l y  t h o s e  
models c a p a b l e  o f  p r e d i c t i n g  new s i t u a t i o n s  can  be  used .  I n  
o t h e r  words ,  as p o i n t e d  o u t  i n  a s y s t e m - t h e o r e t i c  f o r m u l a t i o n  o f  
t h e  model c h o i c e  problem i n  Love11 (1975)  and Dav i s ,  e t  a l . ,  ( 1 9 7 6 ) ,  
t h e  d e c i s i o n  t o  be  made d e t e r m i n e s  o r  a t  l eas t  g u i d e s  t h e  c h o i c e  
o f  a  r,lodel. The o t h e r  major  c o n s i d e r a t i o n  i s  t h e  p r o p e r  ma tch ing  
o f  d a t a  and  models  as d e m o n s t r a t e d  f o r  h y d r o l o g i c  a p p l i c a t i o n s  
o f  m u l t i v a r i a t e  models  i n  Yeber ,  e t  a l . ,  ( 1 9 7 3 , 1 9 7 6 ) .  
For  t h e  c a s e  o f  c o n t r o l l i n g  t h e  e u t r o p h i c a t i o n  o f  l a r g e  
l a k e s  such  as Lake B a l a t o n ,  one  may e n v i s i o n  a d a p t i n g  e x i s t i n g  
models such  a s  t h e  one  deve loped  i n  S w i t z e r l a n d  by Imboden and  
Gach te r  ( 1 9 7 5 ) .  
However, a s  n o t e d  ea r l i e r ,  it would t a k e  many y e a r s  t o  g a t h e r  
s u f f i c i e n t  d a t a  t o  a d a p t  and  c a l i b r a t e  such  models ;  t h e n ,  t h e  
u s e  o f  r e l a t i o n s h i p s  such  as t h e  Elichaelis-Menten e q u a t i o n  i m p l i e s  
s t e a d y - s t a t e .  E x i s t i n g  models  are n o t  d e s i g n e d  t o  a c c o u n t  f o r  
long- te rm e f f e c t s ,  a l t h o u g h  an  a d d i t i o n a l  f eedback  l o o p  c o u l d  
b e  added t o  t a k e  care o f  such  e f f e c t s .  But most  o f  a i l ,  v e r y  
few a t t e m p t s  t o  model u n c e r t a i n t y  i n  e u t r o p h i c a t i o n  models ,  a s  
i n  Reckhow ( \ 9 7 7 ) ,  c a n  be  found.  The models  p roposed  by R i l e y ,  e t  
a l . ,  ( 1 9 4 9 ) ,  S t e e l e  ( 1 9 6 5 ) ,  Chen and O r l o b  (1968,  1 9 7 2 ) ,  D i  Toro ,  
I 
e t  a l . ,  ( 1 9 7 0 ) ,  Pa rk  and Wi lk inson  (1971)  a r e  based  on a  se t  of  
d i f f e r e n t i a l  e q u a t i o n s  e x p r e s s i n g  t h e  c o n s e r v a t i o n  o f  m a s s  i n  I 
t h e  l a k e  body. E v e r e t t  (1972)  u s e s  m u l t i p l e  l i n e a r  r e g r e s s i o n  I 
t o  model t h e  b i o l o g i c a l  and chemica l  p r o p e r t i e s  o f  Lake Mead on  
t h e  Co lo rado  R i v e r  ( A r i z o n a ) .  Y e t  t h e r e  a r e  s e v e r a l  b i o l o g i c a l  
a p p l i c a t i o n s  of  s t o c h a s t i c  models  (Neyman and S c o t t ,  1959; 
B a r t l e t t ,  1957)  and o f  Monte C a r l o  t e c h n i q u e s  (Engstrom-Heg, 1970; 
Beyer ,  e t  a l . ,  1 9 7 2 ) .  I n  p a r t i c u l a r ,  t h e  l a t t e r  a u t h o r s  have 
d e m o n s t r a t e d  t h a t  t h e i r  model o f  t h e  wolf p o p u l a t i o n  i n  t h e  Is le  
Royale  biome h a s  a good p r e d i c t i v e  v a l u e  f o r  up t o  t e n  y e a r s .  
3.2 Model S ~ e c i f i c a t i o n s  
The main s p e c i f i c a t i o n s  of  a P l o a d i n g  model d e s i g n e d  f o r  
~ e c i s i o n - m a k i n g  i n  t h e  l a k e  e u t r o p h i c a t i o n  problem a r e :  
1. t o  accoun t  f o r  u n c e r t a i n t y  i ~ .  h y d r o l o g i c  e v e n t s ,  t h a t  
i s ,  p r e c i p i t a t i o n  e v e n t s  c a u s i n g  t r a n s p o r t  o f  d i s s o l v e d  
and adsorbed P i n t o  t h e  l a k e ;  t h i s  u n c e r t a i n t y  i s  
encoded a s  pdf  of  P l o a d i n g  p e r  e v e n t  f o r  each  t y p e  of  
P; 
2. t o  u t i l i z e  e x i s t i n g  p r e c i p i t a t i o n  d a t a  p l u s  a  minimum 
amount o f  d a t a  f o r  c a l i b r a t i o n :  chemical  d a t a  on d i s s o l v e d  
and adsorbed  P I  r u n o f f  and sediment  y i e l d  d a t a ;  t h e  model 
t h u s  l e a d s  t o  a p r o p e r  a l l o c a t i o n  o f  d a t a - g a t h e r i n g  
e f f o r t s ;  
3. t o  e n a b l e  us t o  keep t r a c k  o f  b o t h  t y p e s  of  P i n  t h e  
l a k e  g iven  t h e  n e t  r e l e a s e  r a t e  of  P from sed iments ,  and 
t h e  r e s i d e n c e  t i m e  o f  w a t e r  i n  t h e  l a k e  (Armstrong and 
Weimer, 19733 ; 
4 .  t o  p r e d i c t  t h e  e f f e c t  of  f e r t i l i z e r  c o n t r o l  on t h e  pdf 
o f  P l o a d i n g ,  hence t h e  pdf o f  e u t r o p h i c  s t a t e  o f  t h e  
l a k e .  
The economic e f f e c t s  i n c l u d e  c o s t  o f  c o n t r o l  methods, 
y i e l d i n g  a n  o p p o r t u n i t y  l o s s  i n  t h e  c a s e  o f  o v e r c o n t r o l ,  and 
t h e  expec ted  l o s s e s  r e s u l t i n g  from e u t r o p h i c a t i o n .  A l t e r n a t i v e l y ,  
a  f i x e d  g o a l  o f  P l o a d i n g  may be s e t  (see F i g u r e  l ) ,  and t h e  
minimum c o s t  c o n t r o l  may be  sough t .  
The p r e s e n t  i n v e s t i g a t i o n  l e a d s  t o  a Monte C a r l o  s i m u l a t i o n  
t e c h n i q u e ,  which i s  a p p l i e d  a f t e r  c a l i b r a t i o n  of  t h e  s t o c h a s t i c  
model of  P l o a d i n g  p r e s e n t e d  i n  t h e  n e x t  s e c t i o n .  Using an  
event -based s t o c h a s t i c  model c o n j u n c t i v e l y  w i t h  s i m u l a t i o n ,  t h e  
same l i n e  of t h o u g h t  w i l l  be fo l lowed  a s  i n  Hekman, e t  a l . ,  (1976) 
f o r  wa te r shed  management a p p l i c a t i o n ,  i n  Hanes, e t  a l . ,  (1976) 
f o r  d e s i g n i n g  s t o r a g e  r e s e r v o i r s ,  and ~ u c k s t e i n ,  e t  a l . ,  (1 977) 
f o r  e s t i m a t i n g  long-range  sediment  y i e l d .  
3.3  Model Development 
A s  shown i n  F i g u r e  2,  t h e  sys tem l e a d i n g  t o  e u t r o p h i c a t i o n  
o f  a  l a k e  may be d i v i d e d  i n t o  a  wa te r shed  subsystem ( I ) ,  and a  
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1,et each subsystem be composed of  f i v e  vec to r -va lued  
e 1ernen.t s : 
( a )  t h e  s t a t e  S ( t )  
( b )  t h e  i n p u t  X ( t )  
(z) t h e  s t a t e  t r a n s i t i o n  f u n c t i o n  FI which d e f i n e s  t h e  
s t a t e  a t  t i m e  (t+l) a s  a  f u n c t i o n  o f  S (t) and X (t) :
(d l  t h e  o u t p u t  Y ( t )  
(e) t h e  o u t p u t  f u n c t i o n  G I  such t h a t  
These. e l zments  a r e  now d e s c r i b e d  f o r  each  subsystem. 
3 . 3 . 1  Subsvstem I:  The Watershed 
(A)  S t a t e  S i t )  
The s t a t e  d e s c r i p t i o n  o f  t h e  watershed i n c l u d e s  p h y s i c a l  
c h a r a c t e r i s t i c s ,  such a s  t h o s e  shown i n  Table  1 (p .23)  f o r  t h e  c a s e  
s t u d y ,  a s  w e l l  a s  q u a n t i t y  o f  P a v a i l a b l e  f o r  t r a n s p o r t  i n t o  t h e  
l a k e ,  a s  d e s c r i b e d  e a r l i e r  i n  s e c t i o n  2.3.  
( B )  I n p u t  X ( t )  
I n p u t  c o n s i s t s  o f  n a t u r a l  hyd ro log i c  e v e n t s  ( r a i n f a l l - r u n o f f -  
e r o s i o n )  and man-made i n t e r v e n t i o n  i n  t h e  wa te r shed ,  e s p e c i a l l y  
t h e  a p p l i c a t i o n  of f e r t i l i z e r .  
A s  i n  Szidarovsky,  e t  a l . ,  (1976) ,  l e t  a  p r e c i p i t a t i o n  e v e n t  
be c h a r a c t e r i z e d  by a  random v a r i a b l e  t d e s c r i b i n g  t h e  i n t e r -  
% 
a r r i v a l  t i r n e  between e v e n t s  and t h e  b i v a r i a t e  random v a r i a b l e  
( X  X ) ,  where % l t % 2  
s1 = e f f e c t i v e  r a i n f a l l  dep th  i n  mm; 
X = r a i n f a l l  d u r a t i o n  i n  hou r s .  %2 
The g e n e r a t i n g  mechanism of  p r e c i p i t a t i o n  e v e n t s  i s  assumed I:O 
be  a P o i s s o n  p r o c e s s .  I n  o t h e r  words ,  t i s  e x p o n e n t i a l l y  d i s -  
'-I, 
t r i b u t e d  [ F e l l e r ,  19671;  t h e  p l a u s i b i l i t y  o f  t h i s  h y p o t h e s i s  h a s  
been  d e m o n s t r a t e d  i n  Todorov ic  and Y e v j e v i c h  (1969)  and  F o g e l  
and ~ u c k s t e i n  (1969)  and many o t h e r  s u b s e q u e n t  s t u d i e s .  
The r u n o f f  volume V p e r  p r e c i p i t a t i o x ?  e v e n t  i s  calculates 
by means o f  t h e  U.S. S o i l  C o n s e r v a t i o n  s e r v i c e  (SCS) f o r m u l a ,  
namely 
i n  which 
A = w a t e r s h e d  a r e a  i n  h a ;  
V = r u n o f f  volume p e r  e v e n t  i n  mm/ha; 
% 
X = e f f e c t i v e  r a i n f a l l :  X = R - ( i n i t i a l  a b s t r a c t i o n s )  %1 %1 % 
S = w a t e r s h e d  i n f i l t r a t i o n  c o n s t a n t ,  e s t i m a t e d  from 
SCS t a b l e s  o r  by a  c a l i b r a t i o n  p r o c e d u r e .  
(C )  S t a t e  T r a n s i t i o n  F u n c t i o n  F  ( 0 )  
T h i s  f u n c t i o n  i s  e s s e n t i a l l y  a set  o f  m a s s  and  c h e m i c a l  
b a l a n c e  e q u a t i o n s  i n  t h e  w a t e r s h e d .  I t  e s t a b l i s h e s  a dynamic 
w a t e r s h e d  " s t a t e " ,  i . e .  amount o f  a v a i l a b l e  d i s s o l v e d  P and  
s e d i m e n t  P ,  between h y r o l o g i c  e v e n t s .  The amount o f  d i s s o l v e d  
P a v a i l a b l e  depends  on  a g r i c u l t u r a l  p r a c t i c e s ,  as d e s c r i b e d  i n  
Timmons e t  a l . ,  ( 1 9 7 3 ) .  The p r i n c i p a l  component o f  F  i s  t h e  
m e c h a n i s ~ .  t h a t  g e n e r a t e s  s e d i m e n t  y i e l d  which i s  d e s c r i b e d  n e x t .  
Sediment  y i e l d  Z p e r  e v e n t  i s  c o n s i d e r e d  as  a  t r a n s f o r m e d  random 
% 
v a r i a b l e  o f  t h e  t w o  d i m e n s i o n a l  v a r i a t e  ( X  X ) by means o f  %l %2 
combining t h e  u n i v e r s a l  s o i l  loss e q u a t i o n  w i t h  SCS f o r m u l a s  
f o r  V and  f o r  peak  f low;  d e t a i l s  a r e  found  i n  Smi th ,  e t  a l . ,  ( 1 9 7 7 ) .  
% 
i n  which 
a. = c o n v e r s i o n  c o n s t a n t ;  
a  = c o n s t a n t  1 
a 2  = t i n e  o f  c o n c e n t r a t i o n  
w = combined w a t e r s h e d  f a c t o r s  and  c o n v e r s i o n  c o n s t a n t .  
The v a l u e s  o f  t h e s e  c o n s t a n t s  may b e  found  i n  Smi th  ( 1 9 7 5 ) ,  
a n d  c a n  b e  d e t e r m i n e d ,  f o r  a  s p e c i f i c  w a t e r s h e d ,  by s i m p l y  
u s i n g  p u b l i s h e d  t a b l e s  a s  shown i n  F o g e l ,  e t  a l . ,  ( 1 9 7 6 ) .  
A l t e r n a t i v e l y ,  i f  o b s e r v a t i o n s  on r u n o f f  and /o r  s e d i m e n t  
y i e l d  a r e  a v a i l a b l e  model c a l i b r a t i o n  i s  t h e  p r e f e r r e d  
method.  Once t h e  c h a r a c t e r i s t i c s  o f  Z have  been  d e t e r m i n e d ,  t h e  
% 
mass b a l a n c e  o f  s e d i m e n t  P  o n  t h e  w a t e r s h e d  may b e  e s t a b l i s h e d .  
!U) O u t p u t  Y ( t )  
P r e c i : ~ i t a t i o n  e v e n t s  l e a d  t o  r u n o f f  e v e n t s  which c a u s e  
s o l u b l e  P  (PO&-compounds) t o  b e  washed o f f  i n t o  t h e  l a k e  and  
p roduce  e r o s i o n  i n  which  s e d i m e n t s  w i t h  s o r b e d  P  a r e  a l s o  
c a r r i e d  i n t o  t h e  l a k e .  I n  t h i s  s e n s e  t h e  p e r  e v e n t  o u t p u t  o f  
t h e  w a t e r s h e d  i s  composed o f  mass Y o f  d i s s o l v e d  P I  s e d i m e n t  %1 
y i e l d  and  mass Y o f  s e d i m e n t  P. Note t h a t  t h e  e s t i m a t i o n  o f  %2 
Z was c o n s i d e r e d  a s  a  p a r t  o f  t h e  s t a t e  t r a n s i t i o n  f u n c t i o n ,  
% 
w h i l e  X1 and z2 a r e  c a l c u l a t e d  by t h e  o u t p u t  f u n c t i o n .  
( 5 )  O u t p u t  f u n c t i o n  G ( ) 
To o b t a i n  Y and  z2 ,  l e t  C1 b e  t h e  a v e r a g e  c o n c e n t r a t i o n  of  
'L 1 
d i s s o l v e d  P  r e s u l t i n g  f rom o v e r l a n s  f l o w  and  l e t  C2 b e  t h e  a v e r -  
a g e  c o n c e n t r a t i o n  o f  P  f i x e d  t o  s e d i m e n t  which i s  washed o f f  by 
r u n o f f  . Then t h e  d i s s o l v e d  P  l o a d i n q  z1 and  t h e  s e d i m e n t  P 
l o a d i n g  z2 a r e  t a k e n  a s ,  r e s p e c t i v e l y ,  
Y = C V and  x2 = C 2 z  . %1 1% ( 5 )  
The p a r a m e t e r s  C1 and C2 r a y  n o t  a c c o u n t  f o r  t h e  d e t a i l e d  nechan-  
i s m  o f  P  t r a n s p o r t  and  s o r b t i o n ,  a s  d e s c r i b e d  f o r  example i n  
C a h i l l  and  Verkof f  ( 1 9 7 4 ) :  h e r e ,  C1 and C a r e  o f  a  m a c r o s c o p i c  2  
o r  lumped n a t u r e .  The p a r a m e t e r s  !J1 a n c  C 2  can  be r;r;.lc?o;ni.zed 
i n  E q u a t i o n  5 i f  e x p e r i m e n t a l  e v i d e n c e  shows h i g h  :; , ,~x.-iabi 'Lity. 
I n  t h e  mea n t ime ,  E q u a t i o n  5 p r o v i d e s  f o r  a first spprox ima-  
t i o n  o f  t h e  two f o r m s  o f  P l o a d i n g  p e r  e v c n t  f r om n o n - p o i n t  
a q r i . c u l t u r a l  s o u r c e s .  The o u t p u t  fur!cti. .on o f  s u b s y s t e m  I a l s o  
computes  t o t a l  s e a s o n a l  l o a d i n g s  and  a d d s  up t h e  c o n t r i b u t i o n s  
o f  t h e  v a r i o u s  s u b c a t c h m e n t s  a round  t h e  i z k e ,  as shown n e x t .  
T o t a l  S e a s o n a l  L o a d i n g s .  -- I n  a  s e a s o n  ( o r  y e a r j ,  a random 
n u ~ n b e r  2 cf e v e n t s  t a k e s  p l a c e .  Then t h e  t o t a l  s e a s o n a l ,  l o a d i n g  
'1, 
CP of d i s s o l v e d  P ,  an d  SP o f  s o r b e d  P ,  a r e ,  r e s p e c t i v e l y :  
'L 
T o t a l  s e a s o n a l  l o a d i n g s  a r e  t h u s  d e f i n e d  a s  t h e  sum o f  a random 
nurrber J o f  random l o a d i n g  e v e n t s .  
'L 
L e t  f X ( x )  b e  t h e  pdf  o f  any  random v a r i a b l e  X ,  F, (x) b e  t h e  
" 4 
d i s t r i b u t i z n  f u n c t i o n ,  D P ,  and  @ , ( ( x )  b e  t h e  characteristic 
6, f u n c t i o n  ( i  . e . ,  F o u r i e r  t r a n s f o r m )  , f o r  c o n t i n u o u s  v a r i a t . e s ,  o r  
. g e n e r a t i n g  f u n c t i o n  ( i . e . ,  Z - t r a n s f o r m )  , f o r  d i s c r e t e  v a r i a t e s ,  
( F e l l e r ,  1 9 6 7 ) .  Then t h e  c h a r a c t e r i s t i c  f u n c t i o n s  o f  CP are:  
'-b 
and  s i ~ i l a r  f o r m u l a  f o r  SP w i t h  Y 
% 'L2 
I n  o t h e r  w o r d s ,  t h e  pdf  ;f CP a n d  SP c a n  b e  c a l c u l a t e d  by  
'L % 
t r a n s f o r m a t i o n  f r o m  E q u a t i o n s  6 and  7  o n c e  t h e  pdf  o f  I7, 4 and  
;5 o r ,  a l t e r n a t i v e l y ,  o f  X X and  ,J are known. I n  g e n e r a l ,  ?,1' %2 ' % 
c l o s e d  fo r m  s o l u t i o n s  a r e  q u i t e  cumbe r sone ,  i f  t h e y  c a n  b e  c a l c u -  
l a t e d  a t  a l l ,  b u t  numerics;- s o l u t i o n s  a r e  a l w a y s  o b t a i n a b l e ,  
e s p e c i a l l y  by  s i n u l a t i o n .  F o r  a f i r s t  o r d e r  a n a l y s i s ,  i n  wh ich  
o n l y  n e a n  and  v a r i a n c e  o f  $P a n d  %P are e s t i n a t e d ,  d i r e c t  
f o r m u l a s  a r e  a v a i l a b l e  i n  t e r n s  o f  t h e  mean and v a r i a n c e  o f  2,  
V ,  [Benjamin and  C o r n e l l ,  19701 : 
'L 
v a r  ($PI = E ( 2 )  v a r  (x l )  + [ E ( x l )  l 2  v a r  ($1 
= (c l )  ' ~ ( ~ 1  v a r ( )  + [ C I E ( x )  l 2  v a r  (2) . 
and a  s i m i l a r  fo rmula  f o r  E (:PI , v a r  (ZP) . 
S p a t i a l  t o t a l .  L e t  CP (i) and SP (i) b e  t h e  s e a s o n a l  c o n t r i -  
'L '\I 
b u t i o n  o f  t h e  i t h  - subwa te r shed .  Then t h e  P  l o a d i n g s  f o r  t h e  
whole l a k e  a re ,  r e s p e c t i v e l y :  
L  = CCP(i )  and  L2 = Z 2 P ( i )  , i = 1 , 2 , .  . . , I  , 
'L1  'L 
( 1 0 )  
where  I i s  t h e  number o f  s u b w a t e r s h e d s .  The c o n t r i b u t i o n s  o f  
t h e  v a r i o u s  w a t e r s h e d s  can  b e  added o n l y  i f  l o c a l  c o n c e n t r a t i o n  
e f f e c t s ,  which may b e  i m p o r t a n t  (Ydmonson, 1969) a r e  n e g l e c t e d  
o r  s t u d i e d  s e p a r a t e l y .  Fo r  t h e  c a s e  o f  Lake B a l a t o n ,  good 
mix ing  can  b e  assumed,  s o  t h a t  it may b e  l e g i t i m a t e  t o  n e g l e c t  
l o c a l  e f f e c t s  i n  a  f i r s t  a p p r o x i m a t i o n .  A l so ,  it may Se t h a t  
t h e  C e n t r a l  L i m i t  Theorem a p p l i e s  t o  t h e  a d d i t i o n  o f  t h e  random 
v a r i a b l e s  i n  and  k 2  which would imply independence  o f  t h e  
C P ( i )  o r  :P ( i )  ' s .  A t  any r a t e ,  e m p i r i c a l  o b s e r v a t i o n s  may b e  used  
'L 
t o  e s t i m a t e  t h e  mean and  v a r i a n c e  of  k1 and k2 :  
v a r  (k l )  = Z v a r  [ $ P ( i ) l  - C Z  cov [ z P ( i )  C P ( j ) l  , 
'L 
(11) 
and s i m i l a r  f o r m u l a s  f o r  k2.  
Depending upon t h e  t y p e  o f  l a k e ,  t h e  s e a s o n a l  t o t a l s  $P, 
2P o r  t h e  s p a t i a l  t o t a l s  iL1, k 2 ,  c o n s t i t u t e  o u t p u t  e l e m e n t s  o f  
s u b s y s t e m  I which a r e  a l s o  i n p u t  e l e m e n t s  o f  subsys t em I1 ( F i g u r e  
2 ) ,  t o  b e  d e s c r i b e d  n e x t .  
3 .3 .2  Subsystem 11: The Lake 
( A )  S t a t e  S  ( t )  
The t r o p h i c  s t a t e  o f  a  l a k e  i s  u s u a l l y  measured by p r imary  
p r o d u c t i v i t y  of  p h y t o p l a n k t o n ,  which may be r e p r e s e n t e d  by 
S e c c h i  Disk d a t a .  The approach  o f  Vo l l enwe ide r  ( F i g u r e  1 )  
may be a l s o  used  t o  d e s c r i b e  t h e  s t a t e  o f  a  l a k e  a s  a f u n c t i o n  
of P i n p u t .  
( B )  I n p u t  X ( t )  
I n  a d d i t i o n  t o  t h e  P l o a d i n g  r e p r e s e n t e d  by t h e  b i v a r i a t e  
v e c t o r  (k1,k2)  , t h e  i n p u t  i n c l u d e s  t h e  n e t  i n f l o w  i n t o  t h e  l a k e  
o r  e l s e t t h e  p o r t i o n  o f  l a k e  volume Q l o s t  p e r  p e r i o d  t h r o u g h  
t h e  o u t f l o w .  The l a t t e r  q u a n t i t y  can  b e  used  a s  a  p a r a m e t e r  i n  
t h e  s t a t e  t r a n s i t i o n  f u n c t i o n ,  a s  d e s c r i b e d  n e x t .  
( C j  S t a t e  T r a n s i t i o n  F u n c t i o n  F  ( 0 )  
T h i s  f u n c t i c n  descr ibes  t h e  P cyc le  i n  t h e  13ke, l.-?hich hss  
a l r e a d y  been touched  upon unde r  2.4b. 
The e q u a C l o n  p roposed  by D i l l o n  and R i g l e r  (1974)  may b e  
used  a s  a  s t a t e  t r a n s i t i o n  f u n c t i o n  t o  p r e d i c t  t h e  amount o f  
d i s s o l v e d  phosphorus  E* a v a i l a b l e  f o r  p l a n t  a s s i m i l a t i o n ,  a t  a  
chosen  p o i n t  i n  t i m e :  
i n  which 
2  L  = P l o a d i n g  i n  g /n  / y e a r  i n  t h e  a b s e n c e  o f  w a t e r  r e l e a s e ,  
'L 
R = r e t e n t i o n  c o e f f i c i e n t  o f  P, 
D = mean d e p t h  i n  n e t e r s ,  
Q = p o r t i o n  o f  l a k e  volume l o s t  p e r  p e r i o d  t h r o u g h  t h e  
o u t f l o w .  
TJ i s  a  h i g h l y  u n c e r t a i n  q u a n t i t y  e s t i m a t e d  by means o f  a  s e a s o n a l  
'L 
mass b a l a n c e  e q u a t i o n .  L e t  L3 be  a g i v e n  d i s s o l v e d  P  l o a d i n g  
f rcm s o u r c e s  o t h e r  t h a n  non-po in t  s o u r c e s .  L  may b e  e s t i m a t e d  3 
by methods d e s c r i b e d  i n  Vo l l enwe ide r  (1968)  and P a t a l a s  ( 1 9 7 2 ) .  
Then L r e s u l t s  from t h e  exchange between d i s s o l v e d  P, i . e .  
% 
( L  + L ) and sediment  $, t2 :%1 %3 
i n  which 
kl = average  s e a s o n a l  p r o p o r t i o n  o f  d i s s o l v e d  l o a d i n g  
(I,l + L 3 )  t h a t  becomes f i x e d  t o  sed iments  o r  p r e c i p i t a t e d ,  
k  = a v e r a g e  s e a s o n a l  p r o p o r t i o n  o f  P  r e l e a s e d  from sediment  
i n t o  t h e  w a t e r .  
The r e t e n t i o n  c o e f f i c i e n t  R i n  Equa t ion  1 2  may be e s t i m a t e d  by 
u s e  of  t h e  e ~ . p i r i c a l  e q u a t i o n  proposed i n  D i l l o n  and Ki rchner  
(1975) : 
R = 0.426 e x p  (-0.271 qs )  + 0.574 exp  (-0.00949 qs )  ( 1 4 )  
i n  which qs = a r e a l  w a t e r  l o a d  t o  t h e  l a k e  o r  l a k e  o u t f l o w  volume 
d i v i d e d  by l a k e  s u r f a c e  a r e a  (nl/year) . 
I t  i s  r e a l i z e d  t h a t  Equat ion  1 4  may be p a r t i c u l a r l y  i n a c c u r a t e  
f o r  a  s h a l l o w  l a k e  w i t h  r e l a t i v e l y  s m a l l  r e l e a s e ,  such a s  Lake 
Ba la ton  [Widger and Kimbal l ,  19761. N e v e r t h e l e s s ,    qua ti on 14 
can p r o v i d e  an o r d e r  o f  magnitude of  R u n t i l  sample measurements 
o f  P c o n c e n t r a t i o n  i n  l a k e  r e l e a s e  a r e  a v a i l a b l e .  
(D) Output  Y ( t )  
The o u t p u t  h a s  a  p h y s i c a l  and an  economic component. The 
p h y s i c a l  component i n c l u d e s  * from Equa t ion  12 a s  w e l l  a s  t h e  
amount o f  E ( n )  o f  P s t o r e d  i n  l a k e  bottom sediment  a t  t h e  beg inn ing  
o f  y e a r  n ;  3 ( n )  depends on K (n  - 1) and , L and L3.  The econom- 
% %2 
i c  component U i s  a  u t i l i t y  f u n c t i o n  a s s o c i a t e d  w i t h  t h e  c o s t s  
and b e n e f i t s  o f  e u t r o p h i c a t i o n  c o n t r o l  
Note t h a t  U i s  d e f i n e d  a s  a  f u n c t i o n  o f  t h e  e l e m e n t s  of  b o t h  sub- 
sys tems I and 11. 
( E )  - O u t s u t  F u n c t i o n  
A comple t e  o u t p u t  f u n c t i o n  would c a l c u l a t e  b o t h  U and K ( n ) .  
However, t h e  c o s t s  and  b e n e f i t s  a s s o c i a t e d  w i t h  e u t r o p h i c a t i o n  
c o n t r o l  a r e  n e x t  t o  i m p o s s i b l e  t o  e v a l u a t e  w i t h  t h e  s t a t e - o f - t n e  
a r t  knowledge: b e f o r e  t h e  economics  o f  c o n t r o l  c a n  b e  s t u d i e d ,  
t h e  s y s t e m  s h o u l d  be  w e l l  d e f i n e d .  Even K(n) i s  v e r y  d i f f i c u l t  
t o  e s t i m a t e  b e c a u s e  t h e  i n i t i a l  s t a t e  o f  l a k e s  ( i n c l u d i n g  K I O ) )  
i s  u s u a l l y  unknown [Edmonson, 1969;  H u t c h i n s o n ,  19731;  y e t ,  K(n )  
i s  a n  i n d i s p e n s a b l e  q u a n t i t y  f o r  s t u d y i n g  long- range  accumula- 
t i o n  o f  P .  "he mass b a l a n c e  o f  a n n u a l  s e d i m e n t  P i s  c a l c u l a t e d  
a s  f o l l o w s :  
s t o r e d  P a t  t h e  b e g i n n i n g  o f  y e a r  n:  
s t o r a g e  o f  P f rom i n p u t  o f  y e a r  n ;  i .  e .  , t h e  complement o f  
r e l e a s e  T q u a t i o n  13: 
P n o t  r e l e a s e d  d i s s o l v e d  P becoming 
by s e d i m e n t s  f i x e d  t o  s e d i r ~ e n t s  
The P s t o r e d  a t  t h e  b e g i n n i n g  y e a r  ( n + l )  i s  t h e  s u n  o f  E q u a t i o n s  
1 6  and 1 7 :  
Y \ ( n + l )  = ( 1 - k ) K ( n )  + F ( n )  . 
'I, ?, 'I, 
( 1 8 )  
P l a u s i b l e  s o l u t i o n s  o f  t h e  e x p e c t e d  v a l u e  o f  t h i s  e q u a t i o n  a r e  
shown i n  s e c t i o n  4.32 f i r s t  o r d e r  a n a l y s i s  ( p .  2 8 ) .  The example 
of  t h e  T e t v e s  s u b w a t e r s h e d  d r a i n i n g  d i r e c t l y  inLo Lake B a l a t o n  
i s  p r e s e n t e d  n e x t .  
4. CASE OF THE TETVES SUBTIJATERSHED OF LAKE BALATON 
4 . 1  P h y s i c a l  ~ r o ~ e r t i e s  o f  t h e  s u b w a t e r s h e d  
A s k e t c h  o f  t h e  e n t i r e  Lake B a l a t o n  w a t e r s h e d  i s  shown i n  
F i -gu re  3 .  T a b l e  1 c o n t a i n s  t h e  ma in  g e o g r a p h i c a l ,  s o i l  a n d  
l a n d  u s e  d a t a  f o r  t h e  s u b w a t e r s h e d  c o n s i d e r e d .  Though t h e  area 
2  
o f  t h e  T e t v e s  s u b w a t e r s h e d  ( 7 0  km ) i s  less t h a n  2% o f  t h e  t o t a l  
l a k e ,  w a t e r s h e d  s o i l ,  l a n d  u s e  and  s l o p e  c o n d i t i o n s  are  t y p i c a l  
o f  c o n d i t i o n s  f o u n d  a r o u n d  t h e  l a k e .  
The T e t v e s  i s  a l o n g  w a t e r s h e d  w i t h  a r a t i o  o f  l e n g t h  t o  
a v e r a g e  w i d t h  o f  a b o u t  t h r e e .  S i n c e  t h e r e  i s  m o s t l y  a g r i c u l t u r e  
a n d  f o r e s t r y  o v e r  t h e  c a t c h m e n t ,  p h o s p h o r u s  d a t a  o b s e r v e d  a t  t h e  
downs t r eam p o i n t  r e f e r  m o s t l y  t o  n o n - p o i n t  s o u r c e s .  S u r f  ace 
e r o s i o n  i s  i n t e n s i v e  o v e r  t h e  c a t c h m e n t ;  a s e d i m e n t  r e t e n t i o n  
dam b u i l t  i n  1970  h a s  b e e n  f i l l e d  up w i t h  1 2 0 , 0 0 0  t o n s  o f  s e d i -  
ment  d u r i n g  f o u r  y e a r s .  
Annual  a v e r a g e  r a i n f a l l  i s  652 rnm; a n  a v e r a g e  a n n u a l  number 
o f  s i x  d a y s  h a v e  more t h a n  20 rnm r a i n f a l l .  The p o p u l a t i o n  w a s  
3700 i n  1 9 7 5 .  T h e r e  are  a b o u t  2000 c a t t l e  w i t h  a n  a v e r a g e  w e i g h t  
o f  500 k g  a p i e c e .  P h o s p h o r u s  l o a d i n g  d u e  t o  human a n d  a n i m a l  
wastes i s  r e l a t i v e l y  low i n  t h e  area;  o b s e r v e d  P  l o a d i n g  d a t a  
however ,  w e r e  a d j u s t e d  t o  a c c o u n t  f o r  l o a d i n g  o f  hunan  a n d  a n i m a l  
o r i g i n s .  
D u r i n g  a 13-month o b s e r v a t i o n  p e r i o d ,  ( J u l y  1, 1975 ,  t o  
J u l y  3 1 ,  1 9 7 6 ) ,  t h e  r a t i o  o f  a p p l i e d  p h o s p h o r u s  i n  t h e  f o r m  o f  
f e r t i l i z e r s  a n d  o b s e r v e d  t o t a l  p h o s p h o r u s  a t  t h e  o u t l e t  o f  t h e  
w a t e r s h e d  w a s  6 . 6 % .  
4 .2  Measurement  d a t a  
H y d r o l o g i c a l  o b s e r v a t i o n s  h a v e  b e e n  t a k e n  by t h e  R e s e a r c h  
I n s t i t u t e  f o r  Water I l anagement ,  VITUKI , Hungary o v e r  t h e  water- 
s h e d .  
R a i n f a l l  d a t a .  D a i l y  amoun t s  o f  r a i n f a l l  are a v a i l a b l e  f o r  
y e a r s  b e t w e e n  1964  a n d  1 9 7 5  a t  f o u r  s t a t i o n s  o v e r  t h e  w a t e r s h e d .  
Runof f  d a t a  were r e c o r d e d  be tween  1964 a n d  1970  a t  t h e  o u t -  
l e t  o f  t h e  w a t e r s h e d  143 e v e n t s ) .  
TABLE 1 
Specification of the Tetves Watershed 
Geographical data 
Watershed area: 70 km 2 
Katershed length: 15.2 km 
Watershed average width: 5.1 
Average slope of the main water course: 4.1% 
Soil data 
Loess: 39%, Sandy loam: 303, Gravel and sand: 275, other: 4 %  
Land use data 
Agricultural land: 70%, Meadow: 20%, Forest: 6X, vineyard 
and Orchard: 4% 
Slope categories 
0 - 5% 5 - 12% 12 - 25% 25 - 35% Average 
30% 30% 34% 6 %  11% 

Phosphorus l o a d i n g  measurements .  I n  1975,  when (':lcrowhica- 
t i o n  p r o c e s s  i n  t h e  l a k e  showed an a c c e l e r a t e d  r a t e ,  LIkTURI s t a r t e d  
new o b s e r v a t i o n s  i n  two forms : p o i n t  measurements  o t  d i sc :ha rge ,  
t h e n  of  c o n c e n t r 2 t i o n  o f  s e d i m e n t ,  d i s s o l v e d  P and f i x e d  P .  
For  t h i s  r e p o r t ,  o n l y  one  y e a r  o f  s u c h  d a t a  amounting t o  49 p o i n t s  
was a v a i l a b l e .  T a b l e  2 c o n t a i n s  h y d r o l o g i c ,  s ed imen t  and phos- 
phorus  d a t a  f o r  n i n e  e v e n t s  t h a t  have  o c c u r r e d  between J u l y  1975 
and Februa ry  1976. 
Next ,  t h e  s y s t e m a t i c  u s e  o f  t h e s e  measurement d a t a  f o r  t h e  
e l e m e n t s  o f  t h e  model ( S e c t i o n  3 .3 )  w i l l  b e  d i s c u s s e d .  
A .  Source .  A t  p r e s e n t ,  49 d a t a  p o i n t s  ment ioned  a r e  used  
t o  c a l i b r a t e  p r e l i m i n a r y  models f o r  C and C2.  Ongoing measure- 1 
ments  w i l l  be  used  c o n t i n u o u s l y  t o  v a l i d a t e  and /o r  improve 
t h e s e  models .  
B .  P r e c i p i t a t i o n  e v e n t s .  R a i n f a l l  d a t a  are d i v i d e d  i n t o  
two g roups .  F i r s t ,  1964-1970 d a t a  are used  t o  c a l i b r a t e  t h e  
r a i n f a l l - r u n o f  f  r e l a t i o n s h i p  f o r  model e l e m e n t s  C . and D . Then 
r a i n f a l l  d a t a  f rom 1971  t o  d a t e  p r o v i d e  t h e  s t o c h a s t i c  i n p u t  f o r  
t h e  v a l i d a t i o n  o f  model e l e m e n t s  C . and D. 
C . DissoJ.ved phosphorus  l o a d i n g .  The SCS r u n o f f  model i s  
c a l i b r a t e d  w i t h  t h e  h e l p  o f  t h e  43 o b s e r v e d  r a i n f a l l - r u n o f f  
e v e n t s .  T h i s  model i s  t h e n  combined w i t h  t h e  C1 model ( p o i n t  A . ) ;  
t h i s  y i e l d s  a  c a l i b r a t e d  d i s s o l v e d  P  l o a d i n g  model which c a n  i n  
t u r n  b e  v a l i d a t e d  w i t h  t h e  o b s e r v e d  r u n o f f  and  l o a d i n g  e v e n t s .  
D .  Sediment  phosphorus  l o a d i n g .  S i n c e  t h e r e  are no o b s e r v a -  
t i o n  d a t a  on even t -based  sed iment  y i e l d ,  t h e  c a l i b r a t e d  r a i n f a l l -  
r u n o f f  model i s  used  i n  c o n j u n c t i o n  w i t h  t h e  universal s o i l  l o s s  
e q u a t i o n .  P a r a m e t e r s  o f  t h i s  l a t t e r  e q u a t i o n  a r e  t a k e n  from 
t a b l e s ,  which i s  t h e  common p r o c e d u r e .  The s e d i m e n t  y i e l d  
model t h u s  d e f i n e d  i s  a p p l i e d  i n  c o n j u n c t i o n  w i t h  C2 model t o  
y i e l d  t h e  s e d i m e n t  P  l o a d i n g  model.  
T h i s  model i s  v a l i d a t e d  w i t h  t h e  h e l p  o f  t h e  n i n e  o b s e r v e d  
s e d i m e n t  and l o a d l n q  e v e n t s  D r e s e n t i v  a v a ~ i a b l e .  

With t h e  above  d a t a  i n  hand ,  n u m e r i c a l  r e s u l t s  may h e  
o b t a i n e d  from t h e  sys t em model i n  t h r e e  p o s s i b l e  ways: 
1. a n  a n a l y t i c a l  s o l u t i o n  i s  s o u g h t ,  i n  which t h e  random 
v a r i a b l e s  ( ~ 1 , ~ 2 , ~ )  a r e  t r a n s f o r m e d  i n t o  L  L hence  
'L11'L21 
L  o r  g * ;  
'L 
2. a  f i r s t  o r d e r  a n a l y s i s  o f  P l o a d i n g  i s  per fo rmed ,  coup led  
w i t h  an e x p e c t e d  v a l u e  a n a l y s i s  o f  long-  t e r m  accumula t ion  
o f  P s t o r e d  i n  s e d i m e n t s ;  
3 .  a  s i m u l a t i o n  i s  r u n ,  s t a r t i n g  w i t h  s y n t h e t i c  s e q u e n c e s  
o f  r a i n f a l l  e v e n t s ,  and  l e a d i n g  t o  pdf o f  s t a t e  and  
o u t p u t  v a r i a b l e s  o f  t h e  sys t em.  
Examples o f  e a c h  o f  t h e s e  t h r e e  a p p r o a c h e s  a r e  now g i v e n .  
4 .3 .1  A n a l y t i c a l  s o l u t i o n  
A c l o s e d  for r t~  s o l u t i o n  may b e  o b t a i n e d  by e f f e c t i n g  t h e  
t r a n s f o r m a t i o n s  o f  random v a r i a b l e s  d e f i n e d  i n  E q u a t i o n s  ( 3 ) ,  
( 4 ) ,  ( 5 ) ,  ( 6 ) ,  and ( 8 )  a s  i n  Smith (1975)  and Smith e t  a l . ,  ( 1 9 7 7 ) .  
However, b e c a u s e  t h e  t r a n s f o r m a t i o n s  a r e  n o n - l i n e a r ,  t h e  i n t e g r a l s  
n e c e s s a r y  t o  c a l c u l a t e  t h e  t r a n s f o r m e d  d i s t r i b u t i o n  f u n c t i o n s  (DF) 
n u s t  b e  e v a l u a t e d  n u m e r i c a l l y .  Then t h e  o n l y  p o s s i b l e  way t o  
o b t a i n  t h e  DF o f  L  which i s  t h e  sum o f  a  random number o f  random 
% 
P l o a d i n g  e v e n t s  (x1,x2) t o  f i t  a  pdf  t o  ( X 1 , x 2 ) .  T h i s  i n t e r -  
m e d i a t e  f i t  u s u a l l y  r e s u l t s  i n  a  v a r i a n c e  e s t i m a t e  o f  L  b i a s e d  
% 
downward; one  p o s s i b l e  way t o  a v o i d  s u c h  a  problem i s  t o  s t a r t  
from an  e m p i r i c a l  fo rmula  based  on annua l  ( o r  s e a s o n a l )  q u a n t i t i e s  
I 
such  a s  E q u a t i o n  1 2 .  L e t  L and Q b e  random v a r i a b l e s  w i t h  DF 
'Id % 
d e t e r m i n e d  f r o s  e m p i r i c a l  o t s e r v a t i o n s .  Then 
1 - R  
w i t h  a = - D 0 .2  f o r  Lake B a l a t o n .  
P r e l i m i n a r y  s i m u l a t i o n  r e s u l t s  show t h a t  L may b e  gamma 
cl. 
d i s t r i b u t e d ,  w i t h  e s t i m a t e d  mean and  v a r i a n c e  g i v e n  i n  T a b l e  2 
3 
as m = 1 . 5 6  x 1 0  , s2  = 4.7 x l o 5 .  F u r t h e r m o r e ,  a  l o g i c a l  p r i o r  
pdf  f o r  Q ,  d e f i n e d  i n  ( 0 , l )  i s  t h e  b e t a  d i s t r i b u t i o n .  E q u a t i o n  1 9  
Q ,  
c a n  t h u s  - b e  e v a l u a t e d  n u m e r i c a l l y .  
4 . 3 . 2  F i r s t  O r d e r  A n a l v s i s  
T a b l e  3  shows t h e  r e s u l t s  o f  a  f i r s t  o r d e r  a n a l y s i s ,  i - e .  
mean and  v a r i a n c e ,  o f  l o a d i n g  o f  d i s s o l v e d  P a n d  s e d i m e n t  P p e r  
e v e n t ,  t h e n  p e r  y e a r .  The l o a d i n g s  s temming f rom b a s e  f l o w  
i n c l u d e d  i n  t h e  t a b l e  a n d  added  t o  t h e  l o a d i n g s  f r o m  r u n o f f  e v e n t s  
a s suming  i n d e p e n d e n c e .  Deta i l s  o f  t h e  c a l c u l a t i o n s  f o r    able 3  and  
p o s s i b l e  s o l u t i o n  o f  l o n g - t e r m  a c c u m u l a t i o n  e q u a t i o n  18 are  g i v e n  be low 
A .  S o u r c e  
-- 
1. Base f low .  A c o n s t a n t  b a s e f l o w  w i t h o u t  r u n o f f  e v e n t s  
3 
o f  0 . 1  m /s w a s  c o n s i d e r e d  t h r o u g h o u t  t h e  y e a r .  Measurement  
d a t a  g i v e  t h e  f o l l o w i n g  d i s s o l v e d  P c o n c e n t r a t i o n  i n  t h e  ba se -  
f l o w :  
3 E ( b a s e  C1) = 0 .26  gr/m , 
-2  3 2  
v a r  ( b a s e  C1) = 3 .18  1 0  [gr /m 1 
Thus ,  f i r s t  o r d e r  s t a t i s t i c s  f o r  a n n u a l  d i s s o l v e d  P i n  t h e  b a s e -  
f l o w  c a n  b e  c a l c u l a t e d  d i r e c t l y ,  s i n c e  t h e  a n n u a l  b a s e  volume i s  
known : 
E ( b a s e  $P) = 780 k g  = 0 .78  t o n  , 
5  
v a r  ( b a s e  C P )  = 2 .8  1 0  kg2  = 0 . 2 8  ( t o n )  2  
rL 
S i m i l a r l y ,  e m p i r i c a l  s t a t i s t i c s  f o r  a n n u a l  amounts  o f  f i x e d  
P  i n  t h e  b a s e f l o w  are:  
E ( b a s e  SP) = 3468 kg  = 3.47 t o n s  , 
'L 
6 2  
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2 .  Runof f  e v e n t s .  T h e r e  was no  s e a s o n a l  p a t t e r n  i n  
o b s e r v a t i o n s  o f  C t a k e n  d u r i n g  r u n o f f  e v e n t s .  However,  a  cor- 1 
r e l a t i o n  c o e f f i c i e n t  of 0 . 7 7  was f o u n d  b e t w e e n  p e a k  f l o w s  Q a n d  
m e a s u r e m e n t s  o f  CI. S i n c e  r u . n o f f  vol.ume V p e r  e v e n t  a n d  p e a k  
f l o w s  Q may a l s o  be d e p e n d e n t . ,  t h e n  C1 a n d  V c o u l d  i n  t u r n  b e  so. 
P u e  t o  the p a u c i t y  of d a t a ,  t h e  l i y p o t h e s i s  IJ ( C  , V )  - O c o u l d  n o t  1 
be t e s t e d ;  t h u s ,  a s  a  f i r s t  a p p r o x i m a t i o n ,  i n d e p e n d e n c e  i s  
assumerl. I f  f u r t h e r  o b s : ~ r . \ r a t i o n s  i n v a l i d a t e  t h i s  h y p o t h e s i s ,  
t h e  c a i c 1 - 1 i a t i o n s  b e l o w  czn b e  c h a n g e d  w i t h o u t  p r o b l e m .  E m p i r i c a l  
f i r s t  o r d e r  s t a t i s t i c s  o f  C a r e :  1 
3 3 2 E ( C  ) =. 0 . 9 5  g/m , v a r  (e l  = 0 . 2 3  [g/m 1 - 
,\,l 
S i m i l a r l y ,  no s e a s o n a l  p a t t e r n  c o u l d  be d e t e c t e d  i n  c o n c e n t r a t i o n s  
C m e a s u r e d  d u r i n g  r u n o f f  a n d ,  c o n s e q u e n t l y ,  i n  s e d i m e n t  e v e n t s .  2 
Al-so, sediment y i e i d  p e r  e v e n t  S1 a n d  C2 seemed t o  be i n d e p e n d e n t .  
E n p i r i c a l  f i r s t  o r d e r  s t a t l s t ~ c s  o f  C are:  2 
B .  r r e c i v i t a t i o n  e v e n t s  
2 
v a r  ( c 3 )  = 26 .70  [rngP/qS] . 
4 
S t a t i s t i c a l  a n a l y s e s  o f  o b s e r v e d  r a i n f a l l  d a t a  s t r e n g t h e n  
p r i o r  h y p o t h e s e s  t h a t  t h e  g e n e r a t i n g  r r~echanism o f  p r e c i p i t a t i o n  
e v e n t s  i s  a P o i s s o n  p r o c e s s  a n d  t h e  amount  o f  p r e c i p i t a t i o n  p e r  
e v e n t  c a n  b e  d e s c r i b e d  by a n  e x p o n e n t i a l .  d i s t r i b u t i o n  [ F o g e l  a n d  
D u c k s t e i n ,  1 9 6 9 1  . 
D i s s o l . v e d  p h o s p h o r u s  l o a d i n g  
- - - - --- - 
Then t h e  volume o f  r u n o f f  V p e r  e v e n t  c a n  b e  c a l c u l a t e d  f rom 
1, 
t h e  SCS f o r m u l a  ( E q u a t i o n  3 )  w i t h  X I  = ( p e r c i p i t a t i o n )  - 0 . 2 s ;  
S  = 3 . 5  i n .  f r o m  t a b l e s  ( S o i l  C o n s e r v a t i o n  S e r v i c e ,  1972;  W i l l i a m s  
a n d  Bahn, 1 9 7 3 ) .  F i r s t  o r d e r  e m p i r i c a l  s t a t i s t i c s  f o r  V f r o m  t h e  
'L 
o b s e r v e d  4 3  e v e n t s  a r e  as  f o l . l o w s :  
8  6  Val.- ( V )  = 84.45 10 n . 
'L 
Now, f i r s t  o r d e r  s t a t i s t i c s  f o r  e v e n t s  of  d i s s o l v e d  P can be 
c a l c u l a t e d  a s  
- V ) = E ( C  ) E ( V )  = 105 kg = 0.105 t o n s  , E ( x l  - :1 'L1 'L1 r\, 
2  2 
v a r  (TI )  = [ E  (cl) 1 v a r  ; + [ E  ( y )  1 v a r  El = 10535 kg . 
D .  Sediment P l o a d i n g  
Sediment y i e l d  Z p e r  e v e n t  i s  c a l c u l a t e d  f o r  each  observed 
% 
r u n o f f  e v e n t  w i t h  t h e  h e l p  of t h e  u n i v e r s a l  s o i l  l o s s  e q u a t i o n .  
where Z i s  t h e  sed iment  y i e l d  p e r  e v e n t  i n  t o n s ,  Q i s  t h e  peak 
f low i n  c f s ,  7 .  i s  r u n o f f  volume p e r  e v e n t  i n  i n c h e s ,  K i s  t h e  
s o i l  e r o d i b i l i t y  f a c t o r  (0 .25  i n  t h i s  wa te r shed)  , LS i s  t h e  
s l o p e  l e n g t h  and g r a d i e n t  f a c t o r  ( 0 . 7 0 ) ,  C i s  t h e  c ropp ing  
management f a c t o r  (0 .10)  and P i s  t h e  e r o s i o n  c o n t r o l  p r a c t i c e  
f a c t o r  ( 1 . 0 )  . Values o f  t h e s e  f a c t o r s  w e r e  e s t i m a t e d  f o r  t h e  
wa te r shed  a s  d e s c r i b e d  i n  t h e  p u b l i c a t i o n :  S o i l  Conse rva t ion  
S e r v i c e  ( 1 9 7 2 ) .  
From t h e s e ,  f i r s t  o r d e r  s t a t i s t i c s  f o r  Z a r e  a s  fo l low:  
% 
E ( Z )  = 136 t o n s  , v a r  ( Z )  = 9025 ( t o n s )  2 
% % 
With t h e  h e l p  o f  s t a t i s t i c s  f o r  C mean a n d  v a r i a n c e  o f  s e d i m e n t  
,2 ' 
P  l o a d i n g s  p e r  e v e n t  a r e  c a l c u l a t e d  a s :  
= c Z )  = 700 kg , 5  2 E(:2 ,2 'L v a r  ( Y 2 )  = 7 . 3  10 kg . 
'l, 
E.  T o t a l  a n n u a l  l o a d i n g s  
F i r s t ,  mean a n d  v a r i a n c e  o f  t h e  random number o f  e v e n t s  J i n  
a y e a r  is  g i v e n ,  a s  e s t i m a t e d  f rom o b s e r v e d  r u n o f f  e v e n t s :  
v a r  ( J )  = 9 . 9 2  y e a r  -2 
'L 
S i n c e  t h e  mean a n d  v a r i a n c e  are n e a r l y  e q u a l ,  and  i n t e r a r r i v a l  
t i m e s  are  a p p r o x i m a t e l y  e x p o n e n t i a l ,  a P o i s s o n  p r o c e s s  c a n  b e  
assumed .  
N e x t ,  E q u a t i o n s  3 and  9  are u s e d  t o  est imate mean a n d  
v a r i a n c e  o f  a n n u a l  P l o a d i n g s  ( d i s s o l v e d  and  f i x e d ) .  
5  2  v a r  (CP) = E ( J )  v a r  ( Y  + [ E ( Y ) 1 2 v a r  ( J )  = 1 . 9 - 1 0 k g  . 
'L 'L 'L1 'L1 'L 
S i m i l a r l y ,  t h e  mean a n d  v a r i a n c e  o f  SP are 
'L 
E ( S P )  = 52 .0  kg  , 5  2  v a r  (SP )  = 102 10 kg . 
'L 
F i n a l l y ,  l o a d i n g s  f r o m  b a s e f l o w  a n d  r u n o f f  e v e n t s  c a n  b e  
a d d e d ,  l e a d i n g  t o  t h e  f o l l o w i n g  s t a t i s t i c s :  
D i s s o l v e d  P:  
E ( t . o t a l  CP) = E ( b a s e  CP) + E(CP) = 780 + 780 = 1560  kg  , 
'L 'L '-t, 
v a r  ( t o t a l  CP) = v a r  ( b a s e  CP) + v a r  (CP) 
'L 'L 'L 
5  5  5  2  
= 2 .8  10 + 1 . 9  10 = 4.7 10 kg  . 
Sediment  P: 
E ( t o t a 1  SP) = E ( b a s e  SP) + E(SP)  = 8678 kg 
'L 'L 2, 
5  2 
v a r  ( t o t a l  SP) = v a r  ( b a s e  SP) + v a r  (SP) = 1 5 1  10 kg . 
These p r e l i m i n a r y  r e s u l t s  show t h a t :  
a .  Approximate ly  as  much phosphorus  r e a c h e s  t h e  l a k e  d u r i n g  
r e l a t i v e l y  s h o r t  r u n o f f  e v e n t s  a s  d u r i n g  t h e  rest o f  t h e  y e a r .  
T h i s  i s  e s p e c i a l l y  marked f o r  s e d i m e n t  P. 
b .  The w a t e r s h e d  unde r  s t u d y  a p p e a r s  t o  p roduce  more s e d i -  
rllent P  t h a n  d i s s o l v e d  P. 
c.  There  is  c o n s i d e r a b l e  v a r i a n c e  i n  t h e  a n n u a l  amounts  o f  
b o t h  d i s s o l v e d  P  and  f i x e d  P I  conveyed by e i t h e r  b a s e f l o w  o r  r u n o f f  
e v e n t s .  T h i s  f a c t  d e m o n s t r a t e s  t h e  u s e f u l n e s s  o f  s t o c h a s t i c  
models  t o  e s t i m a t e  t h e  l o a d i n g  c o n d i t i o n s .  
d .  F i r s t  o r d e r  a n a l y s i s  i s  a  r e l a t i v e l y  s i m p l e  way t o  
c h a r a c t e r i z e  n a t u r a l  u n c e r t a i n t y  i n  P  l o a d i n g  c o n d i t i o n s .  However, 
a  more t h o r o u g h  s t o c h a s t i c  a n a l y s i s  i s  w a r r a n t e d  i n  which  s i m u l a t i o n  
i s  used  w i t h  s t o c h a s t i c  r a i n f a l l  i n p u t  t o  y i e l d  c o m p l e t e  pdf o f  
P  l o a d i n g s .  
F. Average long- t e rm a c c u m u l a t i o n  
---- --,. -- + 
S t i l l  w i t h i n  t h e  framework o f  f i r s t  o r d e r  a n a l y s i s ,  c o n s i d e r  
t h e  e x p e c t e d  v a l u e  o f  E q u a t i o n  18.  To s t u d y  t h e  a v e r a g e  long- t e rm 
mass  b a l a n c e  o f  P l o a d i n g ,  t h e  g e n e r a t i n g  f u n c t i o n s  ( o r  Z t r a n s f o r m )  
method i s  u s e d .  The e x p e c t e d  v a l u e  o f  E q u a t i o n  18 i s  t r a n s f o r m e d  a s :  
Tak ing  t h e  i n v e r s e  t r a n s f o r m  o f  K ( s )  y i e l d s  
Four p o s s i b l e  c a s e s  a r e  c o n s i d e r e d  a s  examples :  
The e x p e c t a t i o n  o f  E q u a t i o n  18 t h e n  r e d u c e s  t o  
whose s o l u t - i o n  i s  
I n  t h i s  c a s e  t h e  s t o r e d  P d e c r e a s e s  g e o m e t r i c a l l y .  
b .  F(n) = A ,  a  c o n s t a n t ,  
t h e  s o l u t i o n  i s  
The s t o r e d  phosphorus  i n c r e a s e s  f rom K(0)  t o  t h e  c o n s t a n t  
A, which is  much l a r g e r  t h a n  A ,  s i n c e  t h e  p e r c e n t a g e ,  k 2  o f  P 
k2 
r e l e a s e d  from s e d i m e n t s  i s  e x p e c t e d  t o  b e  q u i t e  s m a l l .  T h i s  
r e s u l t  i s  ( a s y m p t o t i c a l l y ,  a t  l e a s t )  i n d e p e n d e n t  o f  K ( 0 )  , b u t  
t h e  s t a t e  K ( n )  ( i .  e .  P s t o r e d  i n  l a k e  s e d i m e n t s )  h a s  t o  b e  known 
a t  some t i m e  % i f  a f i n i t e  h o r i z o n  is  b e i n g  c o n s i d e r e d .  
c .  F ( n )  = A + Bn, a  l i n e a r  i n c r e a s e  i n  a n n u a l  l o a d i n g ,  
t h e  s o l u t i o n  i s  
w i t h  t h e  c o n s t a n t  r d e f i n e d  a s  
T h i s  i m p l i e s  a n  i n d e f i n i t e  l i n e a r  g rowth ,  w i t h  a  c o e f f i c i e n t  
B/k2 >>  B.  These  t h r e e  c a s e s  ( E q u a t i o n s  22,  23 ,  and  24)  
are r e p r e s e n t e d  i n  F i g u r e  4 .  
d .  The i n p u t  i s  A + B i n  t h e  s p r i n g  and  summer and  A - B 
t h e  rest o f  t h e  v e a r .  
Hence, 
F ( n )  = A + ( -1 )"~  
and 
L e t  K ( 0 )  = 30 k  = 0.20 ,  A = 8 ,  B  = 6 ,  which means t h a t  t h e  
i n p u t  i n  t h e  low s e a s o n  is  1/7  o f  t h a t  i n  t h e  h i g h  s e a s o n .  
Then E q u a t i o n  26 becomes: 
K(2n: = 36.67 and 
which means t h a t  t h e  q u a n t i t y  o f  P i n  s e d i m e n t s  i n  low s e a s o n  i s  
83% o f  t h e  q u a n t i t y  i n  t h e  h i g h  s e a s o n ,  i .e .  a  s u b s t a n t i a l  
dampening o f  t h e  i n p u t  o s c i l l a t i o n s  o c c u r s  [ D u c k s t e i n  and Bogard i ,  1 9 7 7 ) .  
C o n s i d e r  now how a Bayes ian  approach  may b e  u s e d  i n  conjunc-  
t i o n  w i t h  a  s o l u t i o n  s u c h  as E q u a t i o n  26. L e t  B  = 0  t o  s i m p l i f y  
t h e  p r e s e n t a t i o n  ( c o n s t a n t  l o a d i n g ) , h e n c e  
L e t  t h e  p a r a m e t e r  k  b e  u n c e r t a i n ,  w i t h  p r i o r  pdf  un i fo rm i n  
(0 .05 ,  0 . 3 5 ) .  Then t h e  e x p e c t a t i o n  o f  E q u a t i o n  28 y i e l d s  
TIME n ( years  
TIME n ( y e a r s 1  
0 1  2 3 L 5 6 7 8  
TIME n ( years 1 
F i g u r e  4 :  Lonq-range a c c u m u l a t i o n  of P i n  t h e  l a k e  i n  t h r e e  
cases of i n p u t :  n u l l ,  c o n s t a n t ,  l i n e a r l y  i n c r e a s i n g .  
A 
In particular, the asymptotic value of K(n) is now - Ln 7 = 6.49 A 3 
as compared to the (wrong) value of 5A obtained if the mean 
estimate of k had been used. If more data become available, 
Bayes Rule can be used to update the prior pdf and find K(n) 
under the posterior pdf (Davis et al., 1972) . 
4.3.3 Simulation 
This approach is illustrated for the estimation of the DF 
of sediment PI :PI after Szidarovsky et al., (1976) . The pro- 
cedure for estimating the DF of dissolved PI LP, is the same, but 
'I, 
with simpler formulas: 
a. let T: = 0, ZZ: = 0, 
b. simulate a realization t of the exponentially distributed 
random variable t with parameter X and let T = T +t, 
'L 
c. if T > N years, then go to (e). If T - < N years, then go 
to (dl , 
d. simulate a bivariate realization of (X , X  ) .  Using 
'L1 'L2 
Equations 4 and 5, calculate the corresponding value 
of Z and Y = Y2, YY = YY + Y  and go to (b) 
e. the value of YY is a sample element of the accumulated 
sediment P . 
When enough sample elements of YY have been simulated, an 
empirical DF usable in decision analysis is obtained. Numerical 
results of simulation are shown in Figures 5 and 6. Empirical 
distributions of dissolved P and fixed P per event are fitted to 
gamma distributions. The hypothesis of gamma distributed P - 
loading events cannot be rejected by the Kolmogorov-Smirnov test 
at the 5 %  probability level. Simulated seasonal (spring and 
summer) loadings exhibit symmetrical distribution but no formal 
test of fitting has been applied due to the small size of simulated 
data. 
Simulation yieI.2~ statistics that are comvensurate with 
the results of the first order analysis (Table 3). Further? 
more, the method described in Duckstein et al., (1976) may 
be used "Mutatis Mutandis" to minimize the expected value 
of a goal function g(a,B) under both natural and parameter 
uncertainty. Let the decision A be the total volume of 
sediments retainable behind a control reservoir 
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Figure 5: Simulated frequency curve and fitted pdf of 
dissolved P per event, y l ,  and per seaso:l, CP. 
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F i g u r e  6:  Simula ted  f r e a u e n c y  c u r v e  and f i t t e d  pdf of P f i x e d  t o  
sed imen t  p e r  e v e n t ,  Y and p e r  s e a s o n ,  SP. 
%L' % 
o f  l i f e t i m e  100 y e a r s  and  l e t  t h e  l o s s  f u n c t i o n  b e  p i e c e w i s e  
l i n e a r  o f  t h e  o p p o r t u n i t y  l o s s  t y p e .  Then t h e  optimum Bayes 
d e c i s i o n  a *  i s  shown i n  F i g u r e  7 ,  a s  a  f u n c t i o n  o f  r e c o r d  l e n g t h  N .  
5 .  DISCUSSION: CONTROL OF P LOADING 
I n  t e r m s  o f  d e c i s i o n  t h e o r y ,  t h i s  s e c t i o n  exposes  t h e  
d e c i s i o n  s p a c e  and reward s p a c e  o f  t h e  P  l o a d i n g  problem from 
non-po in t  a g r i c u l t u r a l  s o u r c e s .  I n  o t h e r  words,  p o s s i b l e  methods 
o f  c o n t r o l  a r e  d i s c u s s e d  f i r s t ;  t h e n  t h e  economics o r  t r a d e -  
o f f s  i n v o l v e d  a r e  b roached .  
5 . 1  A l t e r n a t i v e  c o n t r o l  methods 
-
P may b e  c o n t r o l l e d  a t  t h e  s o u r c e ,  i n  t h e  t r a n s p o r t  phase  
o r  i n  t h e  l a k e  i t s e l f ,  Assume t h a t  it h a s  been e s t a b l i s h e d  t h a t  
t h e  l a r g e r  s o u r c e  o f  P i s  from d i s t r i b u t e d  a g r i c u l t u r a l  o r i g i n .  
( a )  Source  
The p a r a m e t e r s  C1 and C2 have  been  shown t o  v a r y  a s  a  func-  
t i o n  o f  t h e  t y p e  and  q u a n t i t y  o f  f e r t i l i z e r  ( H o l t ,  e t  a l . ,  1970;  
F r e r e ,  1 9 7 3 ) .  Thus,  o n e  may e n v i s i o n  chang ing  t h e  N : P  r a t i o  i n  
t h e  f e r t i l i z e r  u t i l i z e d ,  o r  t h e  t i m i n g  o f  t h e  a p p l i c a t i o n .  On 
i r r i g a t e d  l a n d s ,  t i m i n g  o f  i r r i g a t i o n  w a t e r  and  f e r t i l i z e r  a p p l i -  
c a t i o n  c o u l d  b e  c o o r d i n a t e d  t o  y i e l d  maximum u t i l i z a t i o n  by t h e  
c r o p s  and minimum P a v a i l a b l e  f o r  l o a d i n g  t h e  l a k e .  
An  i n t e r e s t i n g  case h a s  been  p r e s e n t e d  i n  Gburek and Heald 
( 1 9 7 4 ) ,  who found t h a t  POq-P l o a d i n g  from a  P e n n s y l v a n i a  e x p e r i -  
men ta l  w a t e r s h e d  was c o n s i d e r a b l y  r educed  i f  no f e r t i l i z e r  was 
a p p l i e d  w i t h i n  50 m o f  s t r e a m s ;  t h e y  s u g g e s t  t h a t  t h i s  o b s e r v a t i o n  
may h o l d  f o r  t h e  N o r t h e a s t e r n  U . S . A .  I n  t h i s  c a s e ,  P  l o a d i n g  t o  
t h e  s t r e a m  would b e  r educed  by a v o i d i n g  c r o p s  t h a t  need  h i g h  
P - c o n t e n t  f e r t i l i z e r  i n  t h e  v i c i n i t y  o f  t h e  s t r e a m s .  
Fur the rmore ,  t h e  mode of  f e r t i l i z e r  s p r e a d i n g  may have  a  
s u b s t a n t i a l  e f f e c t  on P  o u t p u t  from an  a g r i c u l t u r a l  wa te r shed .  
A q u a n t i t a t i v e  s t u d y  o f  t h i s  f a c t o r  may b e  found i n  T i m o n s ,  
e t  a l . ,  ( 1 9 7 3 ) .  Note t h a t  any c o n t r o l  method h a s  an a s s o c i a t e d  
c o s t ,  a s  d i s c u s s e d  i n  S e c t i o n  5 . 2  below. For  example,  a  reduc-  
t i o n  i n  P o u t p u t  can  be  o b t a i n e d  i f  b r o a d c a s t  f e r t i l i z e r  i s  plowed 
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F i g u r e  7 :  Optimum sediment  s t o r a g e  volume a*  of  a 
c o n t r o l  r e s e r v o i r  v e r s u s  sample r e c o r d  
l e n g t h .  
( b )  T r a n s p o r t  
The q u a n t i t y  o f  d i s s o l v e d  P i s  c o n t r o l l e d  by t h e  amount o f  
r u n o f f ,  which i s  g e n e r a l l y  i m p o s s i b l e  t o  change  on a g r i c u l t u r a l  
l a n d s  u n l e s s  r e t e n t i o n  dams a r e  b u i l t .  On t h e  o t h e r  hand ,  wa te r -  
shed  management p r a c t i c e s  may have  a  s u b s t a n t i a l  i n f l u e n c e  on 
r u n o f f  i n  o t h e r  l a n d  u s e  cases. 
Sediment  P depends  on e r o s i o n ,  which c a n  b e  c o n t r o l l e d  by 
p r o p e r  s o i l  c o n s e r v a t i o n  p r a c t i c e s ,  s u c h  as t e r r a c i n g  l a n d  i n  
s l o p e s ,  h e d q e s ,  e t c .  
I n  g e n e r a l ,  c o n t r o l l i n g  t h e  t r a n s p o r t  o f  P c a n  h a r d l y  b e  
done o n l y  f o r  t h e  s a k e  o f  d e c r e a s i n g  P l o a d i n g :  it i s  i n c i d e n t a l  
t o  o t h e r  w a t e r s h e d  c o n t r o l  m e a s u r e s ,  s u c h  a s  f l o o d  o r  e r o s i o n  
c o n t r o l ,  o r  d r a i n a g e .  F u r t h e r ,  a b r o a d e r  view o f  P l o a d i n g  l e a d s  
t o  c o n s i d e r a t i o n  o f  a l l  P s o u r c e s  as a  s y s t e m ;  t h e n  v a r i o u s  schemes 
o f  w a s t e w a t e r  r e u s e  may b e  s t u d i e d  a s  i n  D u c k s t e i n  and  K i s i e l  
( 1 9 7 6 ) ;  one  o f  t h e  schemes c o u l d  i r r i g a t e  a g r i c u l t u r a l  l a n d  w i t h  
s e c o n d a r y  t r e a t e d  w a s t e w a t e r  r i c h  i n  n i t r a t e s  and  p h o s p h a t e s ,  
which would o t h e r w i s e  have  p o l l u t e d  t h e  s t r e a m s ,  g roundwate r ,  
a n d / o r  o t h e r  w a t e r  b o d i e s .  
( c )  P i n  t h e  l a k e  
The d i s s o l v e d  P c o n c e n t r a t i o n  may b e  d e c r e a s e d  by l o w e r i n g  
t h e  r e s i d e n c e  t i m e  o r  by i n c r e a s i n g  t h e  a v e r a g e  d e p t h s .  These  
e f f e c t s  may b e  q u a n t i f i e d  by u s i n g  e i t h e r  F i g u r e  1 ( a f t e r  
V o l l e n w e i d e r ,  1968)  o r  E q u a t i o n  12, ( a f t e r  D i l l o n  and  R i g l e r ,  1 9 7 4 ) .  
I n  F i g u r e  1, t h e  t r o p h i c  s t a t e  o f  t h e  l a k e  i s  g i v e n  t o  t h e  r i g h t -  
-1 hand s i d e  a s  l o g  [ ( r e s i d e n c e  t i m e )  ( a v e r a g e  d e p t h )  1 .  I n  E q u a t i o n  
1 2 ,  P* i s  i n v e r s e l y  p r o p o r t i o n a l  t o  mean d e p t h  and release 
f r a c t i o n  Q ,  which v a r i e s  as t h e  r e s i d e n c e  t i m e .  The i m p o r t a n c e  
o f  t h e  l a t t e r  q u a n t i t y  i n  d e t e r m i n i n g  p o l l u t a n t  c o n c e n t r a t i o n  i s  
f u r t h e r  emphas ized  i n  Armstrong and W e i m e r  (1973)  . However, a s  
men t ioned  ea r l i e r ,  n e i t h e r  r e s i d e n c e  t i m e  n o r  a v e r a g e  d e p t h  o f  a  
l a k e  a r e  e a s y  t o  c o n t r o l .  I n  t h e  c a s e  o f  Lake B a l a t o n ,  b o t h  
v a r i a b l e s  a r e  d e t e r m i n e d  by t h e  random i n f l o w  and  t h e  release 
p o l i c y  which i s  b a s e d  on two main c o n s i d e r a t i o n s :  minimum l e v e l  
c o n t r o l  b e c a u s e  o f  w a t e r  q u a l i t y  and  maximum l e v e l  c o n t r o l  b e c a u s e  
o f  p o t e n t i a l  wind wave damages ( I l e t l e r ,  e t  a l . ,  ( 1 3 7 5 ) .  The 
amount o f  s e d i m e n t  P ,  once  i n  t h e  l a k e ,  can  o n l y  b e  c o i 7 t r o l l e d  
by d r e d g i n g ,  which i s  an  e x p e n s i v e  s o l u t i o n  f o r  l a r g e  l a k e s .  On 
t h e  o t h e r  hand ,  s i n c e  t h e  r e l e a s e  o f  P  from s e d i m e n t s  i s  s m a l l e r  
i n  a e r o b i c  c o n d i t i o n s ,  t h e  c o n t r o l  o f  a l g a l  growth by b i o l o g i c a l  
means may i n c r e a s e  t h e  DO l e v e l  and minimize P  r e l e a s e  a s  s u g g e s t e d  
i n  S e r r u y a  and S e r r u y a  ( 1 9 7 5 ) .  A l so ,  t h e  use  o f  c o p p e r  s u i p h a t e ,  
which i n h i b i t s  t h e  growth o f  a l g a e  (Edmonson, 1969)  may i t s e l f  
have a  b e n e f i c i a l  e f f e c t  on k e e p i n g  t h e  phosphorus  f i x e d  t o  
s e d i m e n t s .  F i n a l l y ,  s t i r r i n g  up t h e  sed imen t  l a y e r  u s u a l l y  
c a u s e s  P  r e l e a s e :  w h i l e  n a t u r a l  c a u s e s  such  a s  wind o r  c u r r e n t s  
a r e  u n a v o i d a b l e ,  human i n t e r v e n t i o n ,  i n  t h e  form o f  motor  b o a t s  
o r  l a r g e  numbers o f  s w i m m e r s  c a n ,  t o  a  c e r t a i n  e x t e n t ,  b e  c u r t a i l e d .  
5 .2  Economics o f  c o n t r o l  
The e f f e c t  o f  P  l o a d i n g ,  i n  t h e  c a s e s  when P  i s  t h e  l i m i t i n g  
n u t r i e n t  f o r  l a k e  e u t r o p h i c a t i o n ,  h a s  economic i m p l i c a t i o n s .  
However, t h e  l o s s e s  due t o  e u t r o p h i c a t i o n  a r e  a l m o s t  i m p o s s i b l e  
t o  e v a l u a t e  w i t h  any d e g r e e  o f  a c c u r a c y .  On t h e  o t h e r  hand ,  t h e  
c o s t s  o f  c o n t r o l  c a n  u s u a l l y  b e  e s t i m a t e d  w i t h i n  s e v e r a l  p e r c e n t a g e  
p o i n t s .  Recoqniz ing  t h i s  f a c t  l e d  Miller  and Byers  (1973)  t o  
t r a d e  o f f  n a t i o n a l  b e n e f i t s  v e r s u s  s e d i m e n t  P  i n  a  m u l t i - o b j e c t i v e  
approach  t o  p l a n n i n g  a  w a t e r s h e d  p r o j e c t ;  i n  o t h e r  words ,  s e d i m e n t  
P may be  used  a s  a  measure  o f  e f f e c t i v e n e s s  (MOE) i n  a  c o s t -  
e f f e c t i v e n e s s  d i s p l a y .  
More g e n e r a l l y ,  it i s  proposed  t o  compare,  i n  a  l a t e r  s t u d y ,  
a l t e r n a t i v e  P l o a d i n g  c o n t r o l  methods u s i n g  a  s t a n d a r d i z e d  c o s t -  
e f f e c t i v e n e s s  approach  a s  p r e s e n t e d ,  f o r  example,  i n  David and 
Ducks te in  ( 1 9 7 6 ) .  The e s s e n c e  o f  such  a n  approach  c o n s i s t s  o f  
t h e  f o l l o w i n g  s t e p s  : 
1. Def ine  t h e  g o a l s  o f  c o n t r o l l i n g  e u t r o p h i c a t i o n  ( i n  w o r d s ) ;  
2 .  Give e n g i n e e r i n g  s p e c i f i c a t i o n s  f o r  t h e  c o n t r o l ,  such  a s  
minimum DO l e v e l ,  r e l e a s e  c o n s t r a i n t s ,  number o f  v i s i t o r s  
a l l o w e d ;  
3. S e t  u p  e v a l u a t i o n  c r i t e r i a  o r  MOF, such  a s  v a r i o u s  c o s t s  
o r  p r o b a b i l i t y  o f  a l g a l  growth;  
4 .  Define  t h e  approach phi losophy:  f i x e d  c o s t  o r  f i x e d  
e f f e c t i v e n e s s ;  a t  f i r s t ,  a  f i x e d  e f f e c t i v e n e s s  approach 
seems t o  be  war ran ted ;  
5 .  Def ine  t h e  a l t e r n a t i v e  c o n t r o l  methods; 
6. I n v e s t i g a t e  how e f f e c t i v e l y  t h e  a l t e r n a t i v e s  o p e r a t e ,  
u s i n g  t h e  s t o c h a s t i c  model p r e s e n t e d  h e r e i n ,  a s  w e l l  a s  
s i m u l a t i o n  and o t h e r  o p e r a t i o n  r e s e a r c h  t o o l s .  
7. Disp lay  t h e  a l t e r n a t i v e s  v e r s u s  MOE ( i n c l u d i n g  c o s t s )  
i n  a  t a b l e a u .  
8.  Rank t h e  a l t e r n a t i v e  sys tems u s i n g  a  m u l t i c r i t e r i o n  
r a n k i n g  method such a s  ELECTRE a s  i n  David & Duckste in  
( 1 9 7 6 ) ,  o r  a  m u l t i o b j e c t i v e  decision-making scheme; 
9 .  Perform s e n s i t i v i t y  a n a l y s i s  on a l l  t h e  above s t e p s ;  
1 0 .  Document t h e  assumpt ions ,  r a t i o n a l e ,  submodels used 
th roughou t  t h e  s t u d y .  
6 .  CONCLUSIONS 
R e s u l t s  o f  t h i s  p a p e r  l e a d  t o  t h e  f o l l o w i n g  conc lud ing  p o i n t s :  
1. The n e c e s s i t y  of u s i n g  sys tem models t o  p r e d i c t  n u t r i e n t  
l o a d i n g s  t o  l a k e s  and r e s e r v o i r s  h a s  been e s t a b l i s h e d .  
2 .  A v a i l a b l e  models c a n n o t  a c c o u n t  f o r  t h e  i n h e r e n t  uncer-  
t a i n t y  i n  t h e  non-point  n u t r i e n t  p r o d u c t i o n  o v e r  t h e  
wa te r shed ;  
3. For Lake B a l a t o n ,  Hungary, a s  i n  a  g r e a t  number o f  o t h e r  
l a k e s ,  phosphorus i n p u t  i s  t h e  c o n t r o l l i n g  e lement  o f  
pr imary  p r o d u c t i v i t y  which,  i n  t u r n  c h a r a c t e r i z e s  t h e  
e u t r o p h i c a t i o n  p r o c e s s ;  
4 .  The model recommended i n  t h i s  p a p e r  c o n s i d e r s  h y d r o l o g i c  
e v e n t s  ( r a i n f a l l - s u r f a c e  r u n o f f - e r o s i o n )  which t r i g g e r  
P l o a d i n g  e v e n t s ;  
5 .  Amounts o f  d i s s o l v e d  P and sediment  P p e r  e v e n t  a r e  
e s t i m a t e d  from known o r  assumed r e l a t i o n s h i p s  (SCS formula 
and t h e  u n i v e r s a l  s o i l  l o s s  e q u a t i o n ) ,  whose p a r a m e t e r s  
shou ld  b e  c a l i b r a t e d  w i t h  o b s e r v a t i o n  d a t a  o r ,  i n  t h e  
absence  o f  t h e s e ,  w i t h  t h e  h e l p  o f  p u b l i s h e d  t a b l e s ;  
6 .  The sum o f  a  random number o f  random P e v e n t s  l e a d s  t o  
t h e  pdf o f  s e a s o n a l  ( e .g .  a n n u a l )  amount o f  d i s s o l v e d  
P  l o a d i n g  and sed imen t  P l o a d i n g ;  
7 .  The model makes it p o s s i b l e  t o  e s t i m a t e  long-range 
accumula t ion  o f  P  i n  l a k e  sed imen t ;  such  accumula t ion  
may be  an e s s e n t i a l  e l ement  o f  a  c o n t r o l  model o f  l a k e  
e u t r o p h i c a t i o n ;  
8 .  Elements  o f  t h e  model a r e  b e i n g  t e s t e d  f o r  t h e  T e t v e s  
subwatershed o f  Lake Ba la ton .  P r e l i m i n a r y  r e s u l t s  show 
t h a t  t h e r e  a r e  c o n s i d e r a b l e  u n c e r t a i n t i e s  i n  P l o a d i n g ,  
t h u s  t h e  u s e  o f  s t o c h a s t i c  model may be  q u i t e  a p p r o p r i a t e ;  
9 .  The form o f  t h e  model, a s  p r e s e n t e d  i n  t h i s  p a p e r ,  may 
o n l y  b e  r e g a r d e d  a s  a  f i r s t  s t e p .  E s t i n a t e s  o f  model 
p a r a m e t e r s ,  e s p e c i a l l y  c o n c e n t r a t i o n s  o f  d i s s o l v e d  P 
and o f  f i x e d  P ,  s h o u l d  b e  improved. 
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